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I The Demand System

I.1 Discrete/Continuous Choice

We consider a demand model in which consumers make discrete/continuous choices: Each
consumer first decides which product to purchase, and then, how much of this product to
consume. This approach captures Novshek and Sonnenschein (1979)’s idea that price-induced
demand changes can be decomposed into two effects: An intensive margin effect (consumers
purchase less of the product whose price was raised), and an extensive margin effect (some
consumers stop purchasing the commodity whose price increased).2

We formalize discrete/continuous choice as follows. There is a population of consumers
with quasi-linear preferences. Each consumer chooses a single product from a finite and
non-empty set of products N'U {0}, where good 0 denotes the outside option. After having
chosen good 7 € N, the consumer under consideration chooses the quantity of that product,
and spends the rest of his income on the outside good (or Hicksian composite commodity),
the price of which is normalized to one. Conditional on selecting product i, the consumer
receives indirect utility y + v;(p;) + €;, where p; is the price of product 7, y is the consumer’s
income, and ¢; is a taste shock. By Roy’s identity, the consumer purchases —v!(p;) units of
good i. We call —v}(p;) the conditional demand for product i. If the consumer chooses the
outside option, then he simply receives the utility flow y + log H® 4 &y, where H° > 0. At
the product-choice stage, the consumer selects product ¢ only if

VieN, y+uilp)+e >y+vp)+ej

and
y+vi(p) +ei >y +log H + &.

We assume that the components of vector (;) enufoy are identically and independently drawn
from a type-1 extreme value distribution. By Holman and Marley’s theorem, product ¢ is
therefore chosen with probability

Pz‘(p) = Pr (Ui(pi) + €; = max <log H° + €o, ijg}\?} (Uj(Pj) + 5j)>) )

evi(pi)
- ZjeN evi(pj) + HO’
B hi(pi)
e hipy) + HY
Income effects are absent in our quasi-linear world.
2See also Hanemann (1984).




where h; = e for every j. It follows that the expected demand for product 7 is given by

hi(pi) —hi(p:)

D; =
ZjeNhj<pj>+H0 Z]ENh (pj)+H0

(—vi(pi)) =

In the following, we use the tuple ((h;);jen, H®) (rather than (v;);en and log H°) as primitives.
We assume that all the h functions are C* from R, | to R, , strictly decreasing, and log-
convex. The assumption that h; is non-increasing and log-convex is necessary and sufficient
for v; to be an indirect subutility function. The assumption that h; is strictly decreasing
means that the demand for product j never vanishes.

To sum up, the demand system generated by the discrete/continuous choice model ((h;) en,
H?) (when normalizing market size to one) is:

D () = S

VieN, V(p;)en €RY,. (i)

The conditional demand for good i is —dlogh;/dp; = —h./h;. Product i is chosen with
probability /(3 h; + H°).

The consumer’s expected utility can be computed using standard formulas (see, e.g.,
Anderson, de Palma, and Thisse, 1992):

E <y + max (log H° + &, r%%cvj(pj) + Ej)> =y + log (Z e (Pi) +H°) ) (ii)
J

JEN

== y—HOg (Z hj(pj) +HO> .

JEN

Consumer heterogeneity. While the discrete/continuous consumer choice model allows
for some type of consumer heterogeneity (different consumers receive different taste shocks
and may therefore select different products), it does have the property that all consumers who
select the same product choose to purchase the same quantity. However, the model can easily
be adapted to accommodate consumer heterogeneity in the quantity purchased of the same
product. In particular, suppose that the indirect subutility derived from choosing product j
is v;(pj,t;), where t; € R is the consumer’s “type” for product j, drawn from the probability
distribution G,(-). The realized value of ¢; is observed by the consumer only after he has
chosen product j. Let v;(p;) = [vj(p;,t;)dG;(t;) be the expected indirect utility derived
from product j. Then, product i is chosen with probability expvi(p:)/(32; expv;(p;) + H®).
Under some technical conditions (which allow us to differentiate under the integral sign), the
consumer’s expected conditional demand for product j is:

/ o v;(pj, t;)dG;(t;) = — 0 /Uj(pjatj)de(tj)Z—U§(pj)-

8p]



Therefore, if we define h;(p;) = exp(v;(p;)) for every j, then the expected (unconditional)
demand for product i is still given by equation (i). Differentiating once more under the
integral sign, we also see that v;(-) is decreasing and convex if v;(-,¢;) is decreasing and
convex for every t;. Therefore, discrete/continuous choice with consumer heterogeneity gives
rise to the same class of demand systems as discrete/continuous choice without heterogeneity.

Note however that, if the consumer observes his vector of types before choosing a variety,
then the implied demand system becomes a mixture of equation (i). We are not able to
handle such mixtures of demand systems, because they no longer give rise to an aggregative
game. This implies in particular that our approach cannot accommodate random coefficient
logit demand systems. At the end of Section VII.1, we show how a restricted class of random
coefficient logit demand systems can be handled.

I.2 Representative Consumer Approach

We now show that the demand system (i) can also be derived from the maximization of the
utility function of a representative consumer with quasi-linear preferences. To this end, we
first prove the following proposition:

Proposition I. Let N be a finite and non-empty set. For every k € N, let hy, (resp. gi)
be a C* (resp. C') function from R, to Ry.. Suppose that b, < O for every k. Define the
demand system D as follows:

9r(Pr)
Dy, ((pj)j@\/’) = m, Vk e NV, V(pj)jeN € ]Rﬂ\rcr

The following assertions are equivalent:

(i) D is quasi-linearly integrable.

(i) There exists a strictly positive scalar « such that, for every k € N, gr = —ahj,.
Moreover, hi, > 0 for every k € N, and 3, < D pen b, where vy = b2 /by for
every k € N.

When this is the case, the function v(.) is an indirect subutility function for the associated
demand system if and only if there exists f € R such that v(p) = «alog (Zje/\/ hj(pj)) +
for every p >> 0.

To prove Theorem I, we first state and prove two technical lemmas:

3Quasi-linear integrability and indirect subutility functions are defined in Nocke and Schutz (2017b),
Definitions 3 and 4.



Lemma I. For every n > 1, for every (ai),<;, € R", define

1-— aq 1
1 11—«
M ((ai)1gign) = : . ’

Then,*

n

det (J\/l ((ai)lgign)) =(-1)" (f[ ak> — Z H oy

j=1 \ 1<k<n
k#j

Moreover, the matriz M ((O‘i)lgign) 18 negative semi-definite if and only if a; > 1 for all
1<:<n and

Proof. We prove the first part of the lemma by induction on n > 1. Start with n = 1. Then,

det (M ((O‘i>1§z‘§n)> =1-a;=(-1)a - 1),

so the property is true for n = 1.
Next, let n > 2, and assume the property holds for all 1 < m < n. By n-linearity of the
determinant,

1 1 1 1 1

0 1—ag --- 1 1 1—op
det(M((O‘i)lgign)):(—al) : : . : +1 . : ' :

0 1 - l-—aq, 1 1 e 1-a

Applying Laplace’s formula to the first column, we can see that the first determinant is,
in fact, equal to det (/\/l ((ai)2 §i§n)>' The second determinant can be simplified by using
n-linearity one more time:

1 1 10

11— 11

. . = —Qy + )
1 1 N 10 -+ 1—a, 11 - 1—-q

= —ap det (./\/l (O, (@i)ggign)) +0,

4We adopt the convention that the product of an empty collection of real numbers is equal to 1.



where the second line follows again from Laplace’s formula and from the fact that the first
two rows of the second matrix in the first line’s right-hand side are collinear. Therefore,

det M ((Ozi)lgign) = — aydet (M ((O‘i)Qggn)) — aydet (M (0, (Ozi)ggign)) ,

= — al(—l)n_l <H Oék) — Z H (673

j=2 \ 2<k<n
k#j

— ag(—l)”_l 0— H ak> ,
k=3

_(y (Hak)—z I o | - Tae|.
=1 =2 1%;? k=2

_ (H%)-Z 1 o
=1 7j=1 1%5&%”

We now turn our attention to the second part of the lemma. Assume first that the matrix
M ((ai)l <Z.<n) is negative semi-definite. Then, all its diagonal terms have to be non-positive,
i.e., a; > 1 for all i. Besides, the determinant of this matrix should be non-negative (resp.
non-positive) if n is even (resp. odd). Put differently, the sign of the determinant should be
(—1)™ or 0. Since the a’s are all different from zero, this determinant can be simplified as

follows:

det (M ((0)144c,)) = (=1)" (kli[l O““) (1 -2 o%) |

k=1

This expression has sign (—1)" or 0 if and only if >}, a—lk <1
Conversely, assume that the o’s are all > 1, and that > ;_, a—lk < 1. The characteristic
polynomial of the matrix M ((o), gign) is defined as

1-0&1—X 1
1 1-0[2—X
P(X) = . .
1 1 e 1l—a, =X

This determinant can be calculated using the first part of the lemma. For every X > 0,

o= (s o) (1- o)

k=1 k=1

-~

>0



> (ﬁ(ak—i—X)) <1— Y O%),

k=
N / \\ J/
2

> 0.

Therefore, P(X) has no strictly positive root, the matrix M ((O‘i>1gign) has no strictly
positive eigenvalue, and this matrix is therefore negative semi-definite. O

Lemma II. Let M be a symmetric n-by-n matriz, X\ # 0, and 1 < k < n. Let A be the
matrix obtained by dividing the k-th line and the k-th column of M by A. Then, M is negative
semi-definite if and only if A is negative semi-definite.

Proof. Suppose M is negative semi-definite, and let X € R™. Write A* as (ai), <ij<n and M
as (my;), <ij<n- Finally, define Y as the n-dimensional vector obtained by dividing X’s k-th
component by A. Then,

X,AkX = Xn: zn: Q35T 5,

i=1 j=1
2
= E E Qi LT + 2$k E ;s + Tragk,
1<i<n 1<j<n 1<i<n
i#k  j#k i#k
T Lk 2
= E E My ;T + 27 E mM;Epx; + 7 Mk,
1<i<n 1<j<n 1<i<n
i#k  j#k i#k
2
= E E maYiy; | + 2Yk E MigYi + Y Mgk,
1<i<n 1<j<n 1<i<n
i#k  j#k i#k
=Y'MY,

< 0, since M is negative semi-definite.

Therefore, A* is negative semi-definite.
The other direction is now immediate, since M can be obtained by dividing the k-th line
and the k-th column of the matrix A* by 1/\. O

We can now prove Proposition I:
Proof. To simplify notation, assume without loss of generality that N' = {1,...,n}. For

every p >> 0, put J(p) = (%(p)) . Theorem 1 in Nocke and Schutz (2017b) states

1<ij<n



that D is quasi-linearly integrable if and only if J(p) is symmetric and negative semi-definite
for every p >> 0.

We first show that the matrix J(p) is symmetric for every p if and only if there exists a
strictly positive scalar « such that, for every k € N, g = —ah),. If J(p) is symmetric for
every p, then, for every 1 < i,j < n such that ¢ # j, for every p >> 0,

15 (pi)gi(pi) hi(pi)g;(ps)
(Sken hi(r))” (Shen hpr)”

It follows that, for every 1 <1 < n, for every x > 0,

= Jij(p) = J3i(p) = —

— = =—p (iii)

If B =0, then h; = 0 for every ¢, which violates the assumption that h; is strictly decreasing.
Therefore, 5 # 0, and we can define « = 1/4. It follows that g; = —ahl. Since g; > 0 and
R, < 0, we can conclude that o > 0. Conversely, if there exists a strictly positive scalar «
such that, for every k € N, g, = —ahj,, then, for every 1 <i,j <n, i # j, for every p >> 0,
hé (Pj )i (pi) h} (pj)hé(pi)
Ji,j<p) = = 7 — 5 — Jj7i(p),
(Zke\f hk(pk)) (Zkex\f hk(Pk))

and the matrix J(p) is therefore symmetric for every p.

Next, suppose that there exists a > 0 such that, for every 1 < k < n, g = —ahj. We
want to show that J(p) is negative semi-definite for every p >> 0 if and only if A} > 0 for
every 1 <k <n,and > 7 v <> o Ik

Fix p >> 0. To ease notation, we write hj, = hy(pi) for every k, and define H = 3, _ - .
We obtain the following expression for the matrix J(p):

(h)? —h{H Wk e bk,

a hyh (hy)? — hiyH - hyhl,

J(p):ﬁ . : . .
hi R, Wy o (B —hIH

J(p) is negative semi-definite if and only if

(WP —WYH MR, e HGE
M ()P RH R
W Wy, e (W)W

is negative semi-definite. Applying Lemma II n times (by dividing row &k and column k by

10



hi, 1 <k <n), this is equivalent to the matrix

_ M
L= G L 1
— 2
1 R i 1
%
1 1 o 1= gl

hg2H >1foralll<

(h)

7\2
k<n,and £ >}, (1) < 1. This is equivalent to hj > 0 for all k, and > ;_ v <> 1, .

7
hk

being negative semi-definite. By Lemma I, this holds if and only if

Finally, Nocke and Schutz (2017b) show that, v is an indirect subutility function for the
demand system D if and only if Vv = —D. Clearly, this is equivalent to

v(p) = alog (Z hj(pj)> +5, Vp>>0,

JEN
where 5 € R is a constant of integration. O
Proposition I immediately implies the following corollary:

Corollary 1. Let D be the demand system generated by the discrete/continuous choice
model ((h;)jen, H°). D is quasi-linearly integrable. Moreover, v is an indirect subuti-
lity function for D if and only if there exists a constant a € R such that v((p;)jen) =

a + log <Zj€N h;i(p;) + H0>.
Proof. Note that, for every product 7,

W/ — b2
(log hi)/l = ZT

By log-convexity of h;, h! > 0. Moreover,

"
hz’

(log h;)" = 7

(hi —7i) = 0.

Hence, h; > ~; for every ¢. This implies in particular that

thﬂLHOZZ%-

keN keN

11



For every i € N, let h; = h; + H°/|N|. Note that, for every i and p,

~ o —hip) — R (p;) .
Di(p) = S ) D) + D;(p).

Clearly, (,ﬁj)je  satisfies condition (i) in Proposition 1. Hence, the demand system D = D
is quasi-linearly integrable. Moreover, v is an indirect subutility function for that demand
system if and only if

v(p) = a+log Y hi(p;) = o +log (Z h;(p;) + HO)

JEN JEN
for some a € R. O

Hence, any demand system that can be derived from discrete/continuous choice can also
be derived from quasi-linear utility maximization. The second part of the corollary says that
the expected utility of a consumer engaging in discrete/continuous choice and the indirect
utility of the associated representative consumer coincide (up to an additive constant). The
results we derive on consumer welfare therefore do not depend on the way the demand system
has been generated. Whether we use discrete/continuous choice or a representative consumer
approach, all that matters is the value of the aggregator H.

II Pricing Game: Preliminaries

II.1  Proof of Lemma A

Proof. (a) We first show that lim, ,., ph/(p) exists. By the fundamental theorem of calculus,
for every p > 0,

h(p) = h(1) + /110 h'(z)dx = h(1) 4+ ph'(p) — W' (1) — /11’ xh" (z)dx,

where the second line was obtained by integrating by parts. Therefore, ph'(p) = h(p) —
h(1)+ ' (1) + [} zh”(z)dz. Since h is positive and decreasing, that function has a finite limit
at 0co. We now show that flp xh”(z)dz also has a limit at infinity. Since h is log-convex,
(logh)" = h”fﬁl—;hg > 0. It follows that h” > 0. Therefore, the function p — [ zh”(x)dz is
non-decreasing, and that function has a limit at infinity. It follows that lim,_,., ph’(p) exists.
Since h' < 0, that limit is non-positive.

Assume for a contradiction that lim, . ph/(p) < 0. Then, there exist ¢g > 0 and py > 0
such that ph/(p) < —eq for all p > pg. Rewrite this inequality as h'(p) < —e¢/p, and integrate

12



it between p® and p to get

h(p) = h(po) < —eolog (ﬁ) — —00.
Po /) p—
Therefore, lim, , h(p) = —oo. This contradicts the assumption that h > 0.
Therefore, lim,, . ph/(p) = 0, and lim, ,,, '(p) = 0.

(b) Assume for a contradiction that «(p) < 1 for all p > 0. Then, for all p > 0, ph”(p) +

h'(p) <0, ie., %} (ph'(p)) < 0. It follows that ph'(p) < h'(1) for all p > 1. Taking the limit

as p goes to infinity and using point (a), we obtain that A'(1) > 0, a contradiction.
Therefore, there exists p > 0 such that ¢(p) > 1. It follows that

p=inf{pe Ry : «(p) > 1} <oo.

We prove two claims:
Claim 1: p ¢ {p>0: «(p) > 1}.

If p =0, then this is obvious. If instead p > 0, then the claim follows from the continuity
of ¢.

Claim 2: «(y) > ¢(z) whenever 0 < x < y and «(x) > 1.

Assume for a contradiction that «(y) < ¢(z). Put S = {z € [z,y]: u(z) <1}. If S is
empty, then ¢(z) > 1 for every z € [z, y]. Hence, //(z) > 0 for every z € [x,y]. It follows that
t(y) > t(x), which is a contradiction.

Next, assume that S is not empty. Then, y = inf S € [z,y]. Moreover, by continuity of
t, and since ¢(z) > 1, ¢«(g) = 1. In addition, ¢(z) > 1 for every z € [z,7). Using the same
reasoning as above, it follows that

1=u(9) > w(z) > 1,

which is a contradiction.

Combining Claims 1 and 2, it follows that {p > 0: «(p) > 1} = (}_9, oo), and that ¢ is
non-decreasing on (Q, oo), which proves point (b).

(c) Since ¢ is non-decreasing and strictly greater than 1 on (p, o), fi exists, and is strictly
greater than 1.

(d) Let p > p. Note that

13



Therefore,

—_

v(p) = o (— (A" (p) + 1’ (p)) x t(p) + ' (p) x ph'(p))
1

= —— (=N (p) (1 = ¢(p)) e(p) + /' ()Pl (p)) < O,

as ¢/ > 0 and ¢(p) > 1 for all p > p.

(e) The result follows immediately from the fact that v(p) = —ph'(p)/ic(p) (see above),
lim,_,o ph/(p) = 0 (point (a)), and lim,, ¢ > 0 (point (c)).

(f) Suppose i < 0o and lim,,, h(p) = 0. For all p > p,

h(p)
—ph(p)’

By assumption, lim,_,. h(p) = 0. By point (a), lim, ., —ph’(p) = 0. Moreover,

h(p)h"(p) _ ph"(p) _h(p)
(W'(p))*  —I(p) —ph'(p)

p(p) = = 1(p)

ish) . 1 (p) o1 1
T ooy m ) 1 -1
oo 4o (=pl!(p))  pooe =h(p) = ph"(p)  poeeulp) =1 fi—

Therefore, by L'Hospital’s rule, lim,_, % = L and lim, ., p(p) = -£;. H

I1.2 About the (Log)-Supermodularity of Payoff Functions

Fix a pricing game ((h;)jen, H%, F, (¢;) en) satisfying Assumption 1, and let f € F such that
| | > 2. Fix a vector of prices for firm f’s rivals (p;)jen s, and let H” =3, hi(p;) + H.
We introduce the following notation: v;(p;) = %Li(pi) for every 7 and p; > 0.

We first show that I17 is neither supermodular nor submodular in (p;);cs. Let i # k in f.

L) (—hgpi) (1—yi(pi)+Hf(p))>’

OpiOpr. ~ Opy,
—h 1 —hn
h'h,
= ;[2’6 (Q—v+ 1)+ (1 — v + 1)), (iv)

where we have used the expression of marginal profit derived in equation (13).
Assume in addition that firm f’s profile of prices satisfies the constant (-markup property.

14



Then, equation (iv) can be simplified as follows (see the end of the proof of Lemma F):

O/ 2nlh 1
= —5* (1 —pul + g”fZW(TJW))) :

) o 2
angpk H jef
2h; Iy, ¥ or f f ¥
=——p |W-D(H ) hi(r(uh)) | = 1Y ) |
. ief ief )
=)

We have shown in the proof of Lemma G that ¢(u/) is strictly positive when p/ is large, and
strictly negative when pf is small. It follows that II/ is neither supermodular nor submodular

in (py)jes-

Next, we show that II/ is neither log-supermodular nor log-submodular in (pj)jer. Let

i kin f.

0% log IT/ 0 —h — (pi — ci)h! —h,
OpiOpy, N Opx, (Zjef(pj —¢;)(=hj) H ) 7

(=hi = (pi = c)hi) (=P, — (pr — ci) ) | hihy,

(Zjef(Pj - Cj)(—hé))Q e

Again, if firm f’s profile of prices has the constant -markup property, then
PW w0 (W 1Y
Op;Opi. H? I/ i

W1 ¢(u)
I/ 1> e (ri(ph))
Let u/* be the unique solution of equation ¢(u/) = 0. Then, by continuity, for u/ close enough
to u/* and strictly below u/*, (u/ —1)/11/ € (0,1), and, therefore, 9*11/ /Op;Opy > 0. For uf
close enough to u/* and strictly above p/*, (u/ —1)/I1/ > 1, and, therefore, 9*I1/ /9p;Op;, < 0.
Therefore, I17 is neither log-supermodular nor log-submodular in (p;);ec;-.

Note that

I1.3 About Infinite Prices

We first argue that the idea that product k is simply not supplied when p, = oo is con-
sistent with the discrete/continuous choice interpretation of the demand system. In the
discrete/continuous choice model, a consumer receives a type-1 extreme value draw g for
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product k even when p, = oco. Three cases can arise when the price is infinite: (i) The
conditional demand is positive (lim,, o —h}(pr)/he(px) > 0), in which case the choice pro-
bability must be equal to zero (limy, o hx(pr) = 0). (ii) The choice probability is posi-
tive (limy, o0 hi(pr) > 0), in which case the conditional demand must be equal to zero
(limy, 00 —h}.(pr)/hi(pr) = 0). (iii) Both the conditional demand and the choice probability
are equal to zero.> In all three cases, the consumer does not consume a positive quantity
of the good when the price is infinite, which is consistent with the interpretation that the
product is simply not available.

An alternative way of allowing for infinite prices would be to define the profit function
for finite prices first, and then extend it by continuity to price vectors that have infinite
components. In the proof of Lemma C in the paper, we show that, if the price vector
p € (0,00" has a least one finite component, then lim,_,; I/ (p) coincides with the value
of II(p) defined in equation (2). There is, however, an important exception. If p; = oo
for every j, then lim,_,;I1/(p) does not necessarily exist. For instance, with CES or MNL
demands, firms’ profits do not have a limit when all prices go to infinity.

IIT About Assumption 1

In this section, we formalize and prove our statement that Assumption 1 is the weakest
assumption under which an approach based on first-order conditions is valid. We also show
how to prove equilibrium existence without Assumption 1.

III.1 Definitions and Statement of the Theorem

In the following, we denote by H the set of C3, strictly decreasing and log-convex functions
from Ry, to Ry . H* is the set of functions in H that satisfy Assumption 1.

We first define a multiproduct firm as a collection of products, along with a constant unit
cost for each product:

Definition 1. A multiproduct firm is a pair ((h);en, (¢j)jen), where N = {1,...,n} is a
finite and non-empty set, and for every j € N, h; € H, and ¢; > 0. The profit function
associated with multi-product firm M is:

Vp e RY,, VH® > 0.

AN A7) = 2= 0 -GN_fZI?ZI;)+ HO

°To see this, suppose that lim,_,. —h'(p)/h(p) =1 > 0 (the limit exists, since h is log-convex), where we
have dropped the product subscript to ease notation. There exists pg > 0 such that —h'(p)/h(p) > 1/2 for all

p > po. Integrating this inequality, we see that —log ( lﬁﬁi})) > é(p —po) for all p > py. Taking exponentials

on both side, and letting p go to infinity, we obtain that lim,_,. h(p) = 0. Conversely, lim, . h(p) > 0
implies that lim,_,., —h'(p)/h(p) = 0.
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As in the paper, H® represents the value of the outside option. Our goal is to derive
conditions under which the profit function TI(M)(-, H°) is well-behaved.

In the following, it will be useful to study multiproduct firms that can be constructed
from a set of products (i.e., a set of indirect subutility functions) smaller than H:

Definition 2. The set of multiproduct firms that can be constructed from the set H' C H is:

MH)= | (H"xR},).

neNL 4
We can now define well-behaved multiproduct firms and well-behaved sets of products:

Definition 3. We say that multiproduct firm M € M (H) is well-behaved if for every
(p, H°) € R, VIT(M) (p, H°) = 0 implies that p is a local mazimizer of IL(M) (., H°).
We say that the product set H' C H is well-behaved if every M € M (H') is well-behaved.

Put differently, a set of products is well-behaved if for every multiproduct firm that can be
constructed from this set, for every value the outside option H can take, first-order conditions
are sufficient for local optimality. In the following, we look for the “largest” well-behaved set
of products, where the meaning of “large” will be made more precise shortly.

We define the set of CES products as follows:

HOES = {h eH: 3Fa,0) e Ry x(1,00)s.t. ¥p>0, h(p) = apl_"} .

We have shown in the paper that HEFS C H.
We are now in a position to state our theorem:

Theorem 1. H' is the largest (in the sense of set inclusion) set H' C H such that HEES C H’
and H' is well-behaved.

In words, H* is the largest set of products that contains CES products and that is well-
behaved. Rephrasing this result in terms of pricing games, this means that pricing games
based on sets of products larger than H* are not well-behaved, and that an aggregative games
approach based on first-order conditions is not valid.

I11.2 Proof of Theorem 1

We first make the dependence of the function v, (which maps prices into (-markups) on the

marginal cost ¢ explicit by writing vg(pk, cx) = pkp_kc’“ te(pr). Note that

aVk Ck
Opy, pi

(pr) + & - % v (pr)- (v)
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In addition, since tx(px) = pr ;}Z;E;Z ’;), we also have that

v (Uk(pk, cx) — 1) hi(pr) — vi(px, Ck)r%@(pk). (vi)

Opi, Tk (pk)

Differentiating the monopolist’s profit with respect to p, we obtain:

Ol (M) —hi(px) Pe =, _hk —h'( i)
g 1 - —|— ,
8pk H Pk _h’ Z

JEN

:i%%iﬁ—w@ww+§)¢mqﬂﬁw>, (i)

JEN

where H = .\ hi(p;) + H°. 0. Therefore, if the first-order conditions hold at price vector p,
then, for every k in NV,

Vi(pg,cx) = 1+ Z vi(pj, cj)m. (viii)

Since the right-hand side of the above equation does not depend on the identity of product
k, it follows that p satisfies the common-. markup property:

v(pi,ci) = v(pj,cj), Vi,jeN.
This allows us to rewrite the first-order condition for product k£ as follows:
75(p; .
(P, Cr) ( Z - ) =1 (ix)
JEN

Since we are interested in the sufficiency of first-order conditions for local optimality, we
need to calculate the Hessian of the monopolist’s profit function. This is done in the following
lemma:

Lemma III. Let M € M (H), p >> 0 and H® > 0. IfV,II(M) (p, H®) = 0, then the Hessian
of IL(M) (., H®), evaluated at price vector p, is diagonal, with typical diagonal element

M) om
O+ %o hy(y) O

Proof. Let M = <(hj)j€N, (Cj)j€N> € M(H). Let p >> 0 and H° > 0, and suppose that
VII(M)(p, H°) = 0. For every 1 < k < n,

O*TI(M —h, av, 1 [ov doien Vi,
(e (i 55
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—h;, vy, 1 (0w , /
H ( opr | H (apﬂ’“ e = e = Dhy ) )

_—hz(_%+i(% _ 9w ))
H ope  H \op ¥ op ) )

_ 7 v
H@pk'

where the first line follows from differentiating equation (vii) with respect to pr and using
the fact that OII(M)/0py = 0, the second line follows from equation (ix), and the third line
follows from equation (vi). Using the same method, we find that all the off-diagonal elements
of the Hessian matrix are equal to zero, which proves the lemma. O

The following lemma is an immediate consequence of Lemma III and equation (v):
Lemma IV. The set H* is well-behaved.

Proof. Let M = ((hj>j€N,(Cj)jeN> € M(H). Let p >> 0 and H° > 0, and suppose
that V,II(M)(p, H°) = 0. Then, by equation (ix), and by log-convexity of h; for every j,
Vk(pr,cx) > 1 for every 1 < k < n. It follows that tx(px) > 1 and p, > ¢ for every k.
Therefore, by equation (v) and since hy € H', Ovx/Ipr > 0. By Lemma III, the Hessian of
I(M)(., H°) evaluated at price vector p is therefore negative definite. Therefore, the local
second-order conditions hold, p is a local maximizer of II(M)(., H°), M is well-behaved, and
H* is well-behaved. m

The next step is to rule out products that are not in H*. This is done in the following
lemma:

Lemma V. Let h € H\H". Then, HFS U {h} is not well-behaved.

Proof. Since h ¢ H', there exists p > 0 such that «(p) > 1 and /(p) < 0. Our goal is to
construct a two-product firm M = ((hq, hs), (¢1,¢2)), a price vector (pi,p2) € R%, and an
H > 0 such that V,IT (M) ((p1, p2), H°) = 0 and g—;’i(pl, ¢1) < 0. We begin by setting hy = h
and p; = p. We will tweak ha, pa, c1, ¢ and H? along the way.

Since ¢} (p1) < 0, equation (v) implies that there exists ¢ € (0, p;) such that g—;i(pl, c1) <0
whenever ¢; < é.

For every s € (1,¢1(p1)), there exists a unique C4(s) € (0, p;) such that

p1— Ci(s) t1(p1)
y41 S

= 1. (x)

C(-) is continuous and lim,_,,,(,,) Ci(s) = 0. In particular, there exists s € (1,¢(p1)) such
that C(s) € (0,¢) whenever s € (s,¢1(p1)). It follows that, when s € (s, ¢1(p1)), condition (x)
holds and g_;i (p1,C1(s)) < 0.

Let 0 € (s,01(p1)), and ho(py) = py 7 for all p, > 0. Recall that ty(p;) = o and
Y2(p2) = ZEha(p2) for all py > 0.
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For every H® > 0, define the following function:

7 (p1) + ”T_1$

— A 0.
hi(py) +x + HY r=

¢(r) =1

Notice that lim, ., ¢(z) = % Moreover,

Y1 (p1) — =L (ha(pr) + H°)

YO = o) + o+ )

Choose some H° such that v;(py) — &+ (hy(p1) + H°) < 0. Then, ¢/(x) < 0 for all 2 > 0.
Therefore, ¢(x) > L for all z > 0.
Let (p2,c2) € Ri +- The first-order condition for product 2 can be written as follows:

P2=C (1 ) +2(p2) > 1
P2 hi(p1) + ha(p2) + H® ’

or, equivalently,
P2 — G

D2

X o (p%_“) =1
———
>1, since ¢(z)>1/0
Therefore, for every ps > 0, there exists a unique Cy(ps) € (0,p2) such that the first-order

condition for product 2 holds.
The first-order condition for product 1 can be written as follows:

p1—Cc bl(pl)
P (ph)

Since ¢ (pé"’)_l — oand 0 € (s,t1(p1)), there exists P, > 0 such that ¢ (P;’”)_1 €
p2—0
(s,t1(p1)). Put ¢; = Cy (qb (P;_U)_1>. Then, the first-order condition for product 1 holds,

c1 € (0,¢), and therefore, g—;’i(pl,cl) < 0.

To summarize, we have constructed a multi-product firm M = ((hq, ha), (¢1,¢2)) with
hy = h, he(z) = 2177, ¢; = C} ((b (PZI"’)_1> and ¢y = Cy(P;), an H® > 0 and a price vector
(p1,p2) = (b, P) such that V,II(M) ((p1,ps), H°) = 0 and §%(p1,¢1) < 0. By Lemma III,
the Hessian matrix of II(M)(-, H°) evaluated at price vector (pi,ps) has a strictly positive

eigenvalue. Therefore, (p;,p2) is not a local maximizer of II(M)(-, H®), and multi-product
firm M is not well-behaved. It follows that HEES U {h} is not well-behaved. O

Combining Lemmas IV and V proves Theorem I.
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I11.3 A Remark on Single-Product Firms

We now argue that multiproduct-firms are special, in the sense that, compared to single-
product firms, they require strictly stronger restrictions on the set of admissible products to
be well-behaved. This statement is formalized in the following proposition:

Proposition I1. Let h € H, ¢ > 0 and M = (h,c). The following assertions are equivalent:
(i) Firm M is well-behaved.
(ii) For every p > 0 such that t(p) > 1, /'(p) >0 or p'(p) > 0.°

Proof. Let h € H, ¢ > 0 and M = (h, ¢). With single-product firms, first-order condition (ix)
can be simplified as follows:

gl .

V(l—h+HO>:1. (xi)

By Lemma IIT, 9?I1(M)/0p? has the same sign as Ov/dp whenever condition (xi) holds.

Assume that (ii) holds. We want to show that, for every (p,c, H®) € R3 | dv(p,c)/dp > 0
whenever condition (xi) holds. Let p > 0. If ¢(p) < 1, then for every ¢, HY > 0,

g
1— <1
. < h + H0> ’
so there is nothing to prove. Next, assume that «(p) > 1. For every ¢ > 0, dv/0p is given by
equation (v). If //(p) > 0, then dv(p, ¢)/dp > 0 for every H* > 0 and 0 < ¢ < p. In particular,

Ov(p,c)/Op > 0 when condition (xi) holds. (Recall that, by log-convexity, v < h + H°.)
Assume instead that /(p) < 0. Then, since (ii) holds, p'(p) > 0. Notice that

o o ht /_h/+L/_1+h”
o \Pmy)) TR T T e T

0 ! —n oo ! 1
p—=p——0Dp —1l4+t=p———-—-1+1v=p—+1|1—-—-) -1
p L h L P L p

It follows that

Since ¢/ < 0 and p’ > 0, it follows that ¢ (1 — %) —1>0.

Since «(p) > 1, we have that, for every H® > 0, there exists a unique ¢ (H°) such that
condition (xi) holds. This ¢ (H") is given by:

c(H®) =p (1 — ﬁ) : (xii)

— )

SRecall that p = h/7.
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Since ¢ <1 — %) —1>0, c(H®) € (0,p) for every H® > 0. Notice also that ¢ (H°) > 0. All
we need to do now is check that
ov C(HY) | pe(HY)

S e (1) = U L,

is strictly positive for every H° > 0. Since the right-hand side is strictly increasing in ¢ (H°)
and ¢ (H®) > 0, this boils down to checking that dv (p, ¢(0)) /dp > 0:

e eto) = & (D 22O
R\
)

/

p—1

which is indeed non-negative. Therefore, (i) holds.

Conversely, suppose that (ii) does not hold. There exists p > 0 such that «(p) > 1, /(p) <0
and p'(p) < 0. We distinguish two cases. Assume first that ¢ <1 — %) — 1> 0. Then, the
¢ (H?) defined in equation (xii) satisfies ¢(H) € (0, p) and

_ 0
p C(‘H)L 1_ ’Y :1
D h+ H°

for every H > 0. In addition, as proven above,

v o

a_p (p7 C(O)) = < 0.

By continuity, there exists ¢ > 0 such that g—; (p,c(e)) < 0. It follows that %[])M)(p, e)=0
2
and 2 g;y )(p,£) > 0. Therefore, M is not well-behaved.
Next, assume that ¢ (1 — %) — 1 < 0. Then, there exists H° > 0 such that ¢ (H") = 0.

Notice that g—; (p,0) = (p) < 0. Therefore, by continuity of dv/dp and ¢(.), for € > 0 small
enough,

v
Ip
and ¢ (H® + €) > 0. Therefore, multiproduct firm (h,c(H° + ¢)) is not well-behaved. O

(p,c (HO —I—&?)) <0,
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I11.4 Equilibrium Existence without Assumption 1

Assumption 1 can be relaxed if we follow instead a potential games approach (Slade, 1994;
Monderer and Shapley, 1996). In Nocke and Schutz (2017a), we show that the function

_ er]—‘ Zjef(pj - Cj)<_h9'<pj>>
Zje/\/’ hj(pj) + HY

is an ordinal potential for our pricing game. The idea is that, starting from a profile of

P(p)

prices, if firm f deviates, then firm f’s profit increases if and only if the value of the potential
function increases. Without putting any restrictions on the demand system ((h;);en, H°)
(except that the h functions are positive, C', strictly decreasing and log-convex), we show
that the function P has a global maximizer. This implies that the pricing game has an
equilibrium.

While this more general existence result is useful, the downside of the potential games
approach is that it does not allow us to completely characterize the set of equilibria. This
implies in particular that we cannot extend the comparative statics and characterization
results derived in Section 3.3

IV Choke Price

In this section, we show how to extend the analysis to the case where (some of the) products
have a choke price.

Demand. The demand for product ¢ is still given by D;(p) = —hl(p;)/H(p), but we now
assume that hl(p;) = 0 whenever p; exceeds some choke price p;, € (0,00]. (Note that, if
p; = oo for every product i, then we have the baseline model studied in the paper.) More
precisely, assume that, for every i, there exists p, € (0, 00| such that h; is strictly positive,
log-convex, and C' on R, constant on (p;, o), and C? and strictly decreasing on (0,7;).
These assumptions imply that h; continues to be the exponential of an indirect subutility
function. Hence, the demand system ((h;);en, H°) can still be given discrete/continuous
choice foundations. Moreover, consumer surplus is still given by log H (p).
The following function h; satisfies the assumptions made above:

ha(ps) exp (Gipz' — %bzp?) if pi <Py =3
i\Di) = 2 .
o exp (al ) otherwise.

(xiii)
%,

Note that the conditional demand for product i is linear up to the choke price: —h.(p;)/hi(p;) =
a; — bip;.
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The pricing game. A pricing game is still a tuple ((h;);en, H°, F, (¢j)jen). The profit of
firm f € F is now defined as follows:

—h;(p;)

N
> wen h(ox) + HO vp € (0,0]

(p)= > (pj—¢)
Jjef
P;<DP;

Let p be a price vector such that p; > p; for every j in some subset of products N’. Note
that setting the prices of all the products in A/ equal to the corresponding choke prices
while leaving the prices of the other products unchanged affects neither the firms’ profits nor
consumer surplus. We can therefore restrict the strategy space to [ ] je ~(0,75].

For every p; € (0,5,), let v;(p;) = pih!(p;)/(—h(p;)) be the price elasticity of demand for
product ¢ under monopolistic competition. The following assumption plays the same role as
in the paper:

Assumption i. For every p; € (0,7;), ti(p;) > 0 whenever v;(p;) > 1.

It is easily checked that the function h; defined in equation (xiii) satisfies this assumption,
as long as a; and b; are not too different.

Equilibrium analysis. The equilibrium characterization and the proof of equilibrium ex-
istence follow the analysis in Sections 3.1, 3.2, and the Appendix very closely.

Note first that, since products are substitutes, pricing below cost is always strictly subop-
timal. Hence, if product 7 is such that p, < ¢;, then firm ¢ optimally sets p;, = p;. We
can therefore remove product i from the set of products, redefine H° as H® + h;(p;), and
obtain a pricing game that is formally equivalent to the original one. Having done that for
every product for which the production cost exceeds the choke price, we obtain a new set
of products N, a new set of firms F, and a new value for the outside option H°, such that
p; > ¢j for every j € N. We study this modified pricing game in the following.

It is straightforward to show that each firm sets at least one price below the choke price in
any equilibrium (Lemma B). Since pricing below cost is strictly suboptimal, we can restrict
the strategy space to ] ic wl¢i, D] The continuity and compactness argument used in the
proof of Lemma C therefore still goes through, implying that, holding the prices of firm f’s
rivals fixed, firm f’s profit maximization problem has a solution.

The definition of generalized first-order conditions has to be modified to account for the
fact that some of the choke prices may be finite. As in the paper, let G/ ((p;);es, H”) be the
profit of firm f when it chooses the profile of prices (p;);ecs and its rivals’ contribution to the

aggregator is H”. (pk, (pj)je f\{k}> denotes the price vector with k-th component p;, and

with other components given by (pj)j Pk} We say that the generalized first-order conditions
of the maximization problem max G/ (-, H") hold at price vector (p;);c; € [Lc/les, byl if for
every k € f,

(a) %5 ((By)jes, H”) = 0 whenever fi, < Py, and
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(b) GY ((p))jes, HY) > G' <(pk, @j)jef\{k}> ,H0’> for every pi, < D, whenever py = py.

Generalized first-order conditions are clearly necessary for optimality (Lemma D).

We now extend the definition of the pricing function 7; to the case of finite choke prices
(Lemma E). Let v,(p;) = pjp;jc%j (p;). The argument in the proof of Lemma A can be easily
extended to show that, for every j, there exists p; € (0,p;) such that ¢;(p;) > 1 if and only if
D € (}_9].,]_9]»). Next, we show that p}*, the price of product j under monopolistic competition,
which solves the equation v;(p;) = 1 on interval (0,p;), is well defined when the choke price
is finite. Assume first that the equation has no solution. Since v;(p;) < 1 for p; sufficiently
close to ¢;, the continuity of ¢; implies that v;(p;) < 1 for every p; € (0,p;). It follows
that (p; — ¢;)(—h}(p;)) is strictly increasing on (0,p;). The fact that (p; — ¢;)(=h(p;)) =0
gives us a contradiction. Next, note that, by definition of p,, any solution to the equation
v;(pj) = 1 has to belong to the interval (]_oj,ﬁj). Since v;(-) is strictly increasing on that
interval, it follows that the solution is unique.

We can now extend Lemma E: v; is a strictly increasing C*-diffeomorphism from (P, p;)

to (1, ftj), where fi; = lim vj(p;) > 1. The corresponding inverse function, r;, is therefore

P;—P;
strictly increasing from (1,] ﬁjj to (p*°,p;). The derivative of r; is still given by equation (11).
As in the paper, we extend the functions vy and ry by continuity as follows: vy (p,) = fig,
re(1) = pe, and ry(uf) = p,, for every p/ > fir. We also extend +, by continuity at py:
Ye(oo) = 0.7

Having extended the definition of pricing functions to accommodate finite choke prices, we
can define the common -markup property. A profile of prices (p;)jes € [[,c/[c;, ;] satisfies
that property if there exists p/ € (1, /) (where i/ = maxje; ji;) such that p; = r;(u/) for
every j € f. The argument in the proof of Lemma F continues to apply, implying that, if
a profile of prices (p;);es solves firm f’s profit maximization problem, then it must satisfy
the common (-markup property, and the corresponding (-markup must solve equation (12).
The argument used in the proof of Lemma G (recall that v;(p;) = 0 for every j) implies that
that equation has a unique solution. This allows us to generalize Lemma H, and to conclude
our study of firm f’s profit maximization problem: The generalized first-order conditions
are necessary and sufficient for global optimality, and the optimal ~-markup is the unique
solution of equation (12).

Having shown that first-order conditions are sufficient for global optimality, we can use
an aggregative games approach to prove equilibrium existence and characterize the set of
equilibria. The monotonicity of v; and r; and the fact that v;(p;) = 0 for every j im-
ply that equation (14) has a unique solution (Lemma I). Therefore, the fitting-in function
m/ (H) is well defined, continuous, strictly decreasing, and satisfies limpy_,o m/(H) = i/ and

"We already know form Lemma A that limy, 5, vk (pr) = 0 if B, = co. Suppose p;, < co. Then,

—h} 1
lim ~g(pg) = lm pg 5(Pr) = lim prx lim —hj(px) x lim =0.
Pk —Pg Pk—Dp Lk (pk) Pk —Pg Pk —Pg PL—Dy Lk (pk)
——
<oo =0 <oo
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limpg oo m/(H) = 1. The equilibrium existence and characterization problem therefore boils
down to identifying the set of H’s such that Q(H) = 1, where

is the aggregate share function.
If all the products have infinite choke prices, then we already know from Lemma J that
equation Q(H) = 1 has a solution. Suppose that p; < oo. Then,
H° + hj (ﬁj)

> .
UH) 2 ————

The fact that Q(H) P 0 (as shown in the proof of Lemma J) and the continuity of §2 allow
—00

us to conclude that equation 2(H) = 1 has a solution.

Therefore, Theorem 1 extends to the case of finite choke prices. The set of equilibrium
aggregator levels is still the set of fixed points of the aggregate fitting-in function. For a
given equilibrium aggregator level H*, firm f sets a -markup of u/* = m/(H*), and earns
a profit of u/* — 1. Product j € f is priced at 7;(u/*). The fact that fitting-in functions
and pricing functions have the same monotonicity properties as in the paper implies that the
comparative statics results derived in Section 3.3 continue to hold. In particular, a shock
that makes the industry more competitive (say, higher H°) induces firms to lower their prices
and broaden their scope in the highest and lowest equilibrium.

V  Equilibrium Uniqueness

V.1 Main Results

Fix a pricing game ((h;)jen, H, F, (¢;)jen) satisfying Assumption 1. We now study equili-
brium uniqueness by deriving conditions under which the function Q(H) = I'(H)/H is strictly

"

decreasing in H.® We recall the following notation: For all j € N, ~; = h2/R], p; = h;/~;,

and p, = inf{p; > 0: ¢;(p;) > 1}. For every j € N and p; > P let 0;(p;) = h;(p;)/7i(ps)-
We can now state our uniqueness theorem:

Theorem II. Let ((h;)jen, H°, F,(¢j)jen) be a pricing game satisfying Assumption 1. Sup-
pose that, for every firm f € F, at least one of the following conditions holds:

(a) minjesinty, pj(p;) 2 maxjessup, ., 0;(p;)-

8 Another possibility would be to follow an index approach and compute the sign of the determinant of
the Jacobian of the first-order conditions map. In Section V.5, we show that this approach delivers the same
uniqueness conditions.
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(b) i < p*(~2.78), and for every j € f, fi; = i/, limy, h; = 0 and p; is non-decreasing
on (p;, 0).?

(c) There exist a function h', a marginal cost level ¢/ > 0, and a collection of quality
shifters (a;)jes € ]Rﬂ;L such that hj = a;h? and c; = ¢ for all j € f. In addition, p’ is
non-decreasing on (p, o).

Then, the pricing game has a unique equilibrium.
Proof. See Section V.2. O

As already mentioned in the paper, the condition that p; is non-decreasing is equivalent
to the reciprocal of the demand function p; € (]_oj, 00) > ﬁj (pj, hj(p;) + H®) being convex
for every H° > 0.1 This convexity condition guarantees equilibrium uniqueness, provided
that some additional restrictions, contained in conditions (a), (b) and (c), are satisfied. Note
that condition (a) is indeed a stronger version of the assumption that p; is non-decreasing.
This is because p; is non-decreasing on <Bj’ o) if and only if p; > 6; on the same interval.™
Condition (a) imposes that the highest possible value of §; (j € f) be smaller than the lowest
possible value of p; (j € f), which is indeed stronger.

In Section VI.2, we provide examples of functional forms that satisfy (or do not satisfy)

our uniqueness conditions. There, we also develop a cookbook for applied work.

Some pricing games satisfy none of our uniqueness conditions. In such cases, it is still
possible to establish equilibrium uniqueness, provided that the firms are sufficiently inefficient
and/or consumers have access to a sufficiently attractive outside option:

Proposition III. Suppose that (h;);en satisfies Assumption 1, and let F be a firm partition.
Then,

e Forevery H° > 0, there exists ¢ > 0 such that the pricing game ((h;)jen, H°, F, (¢})jen)
has a unique equilibrium whenever (c;)jen € [c, 00}V and H® > H°.

e Foreveryc > 0, there exists H° > 0 such that the pricing game ((h;)jen; H®, F, (¢;)jen)
has a unique equilibrium whenever (c;)jen € [, ooV and H® > H°.

Proof. See Section V.4. O

9Condition limy,, 00 2j(p;) = 0 can be weakened. See Propositions IV and V, and Corollaries IT and IIT
in Section V.3.
10To see this, note that

1 !/
B () (B (e
dp? D, b hi? S Ty
Since 'y§ < 0 (see Lemma A), the above expression is non-negative for every H° if and only if p} > 0.

"To see this, note that (log p;)’ = %(Pj —0;), and that 7; < 0 by Lemma A.
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Intuitively, when the products in N are relatively unattractive compared to the outside
option (either because marginal costs are high, or because the outside option delivers high
consumer surplus), the firms have low market shares, and, hence, little market power. The
firms therefore set -markups close to those they would set under monopolistic competition,
and react relatively little to changes in their rivals’ behavior.

V.2 Proof of Theorem I1

V.2.1 Preliminaries

The following lemma allows us to study the equilibrium uniqueness problem on a firm-by-firm
basis:

Lemma VL. Let ((h;)jen, H°, F, (¢j)jen) be a pricing game satisfying Assumption 1. Sup-
pose that, for every f € F, the function

=12 s hy(ry(u))

o f =f
shophe (@) —
Iz Zjef%'(rj(uf))

is strictly increasing in p'. Then, the pricing game ((h;)jen, H®, F, (¢;)jen) has a unique
equilibrium.

Proof. A sufficient condition for the pricing game to have a unique equilibrium is that the
function € is strictly decreasing. Recall that
HO° o he (ri(mf(H
) = 1 e 5 (s ()
H H
fer
_H +3 m! (H) = 1324 by (ri(m! (H)))
mI(H) Y ey % (rs(m! (H)))

HO
= +f€Zfo (mf(H)),

where the second line follows by equation (14) in the paper. Combining this with the fact
that m/ is strictly decreasing for every f (see Lemma I in the paper) proves the lemma. [

All we need to do now is show that, if condition (a), (b) or (c¢) in Theorem II holds for

firm f, then s/ is strictly increasing. We do so in Sections V.2.2 and V.2.3.

V.2.2 Sufficiency of Conditions (a) and (c)

We first show that condition (a) is sufficient for s/ to be strictly increasing.
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Lemma VII. Suppose condition (a) in Theorem II holds for firm f € F. Then, the function
s/ defined in Lemma VI is strictly increasing. Moreover, s/'(u’) > 0 for every u’ € (1, ') \

{Ritier-
Proof. By Lemma E in the paper, s/ is continuous on (1, /) and C' on (1, a%) \ {f;}jes-
To show that s/ is strictly increasing, it is therefore enough to show that s/'(u/) > 0 for

every ul ¢ {fi;}jes. Fix such a p/. Let f’ be the set of j's such that g/ > fi;. Then, since
7v;(00) = 0 for every j (see Lemma A),

_ W =12 e limy, o0 By () N =12 hylri(u!))
who e (i) nh Y i(ri(ul))

Since v, is strictly decreasing and r; is strictly increasing for every j (see Lemmas A and E),

s ()

the first term in the above expression is non-decreasing. We now turn our attention to the
second term. Note that

Ser hars W)\ Xy vy Wi = vh)
> jep Vi(ri(pd)) <Zj¢f’ %) ?
_ Zj,k¢f/ ’Yk(—”Y;')r;'(Pk - 9]’)
(Zjef' %')

which is non-negative, since condition (a) holds. (Note that, for every j, r;(uf) > pre > Bj')

)

?

Since (uf — 1)/’ has a strictly positive derivative, it follows that s//(uf) > 0. O
Next, we investigate the sufficiency of condition (c):

Lemma VIII. Suppose condition (c) in Theorem II holds for firm f € F. Then, the function
s/ defined in Lemma VI is strictly increasing. Moreover, s (u') > 0 for every u/ € (1, /).

Proof. 1t is straightforward to check that, for every j € f, ¢; =« and v; = a;7/. The fact
that ¢; =/ and ¢; = ¢/ for every j immediately implies that fi; = i/ and r; = r/ for every
j. Hence, s/ can be simplified as follows:

F =13 5ep ah! (r (u)) F—1
S S~ e

Hence, s/'(uf) > 0. O

sT(u!)

V.2.3 Sufficiency of Condition (b)
The goal of this section is to prove the following lemma:

Lemma IX. Suppose condition (b) in Theorem II holds for firm f € F. Then, the function
s/ defined in Lemma VI is strictly increasing. Moreover, s (u/) > 0 for every u! € (1, /).
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The proof of Lemma IX proceeds in several steps. We first introduce new notation:

wl = (pf = 1)/p!, @ =lim,sur(pf —1)/p!, and, for every j € f and p; > P x;(pj) =
(t;(pj) —1)/t;(pj). The following lemma is useful to understand our uniqueness conditions:

Lemma X. Suppose Assumption 1 holds for firm f. For every j € f:
o For every p; > p., 1= 0;(p;)x;(p;) = 0.
o For every w’ € (0,&7) and p; > P, such that x;(p;) > w/, 1 —wf6,(p;) > 0.
e For every w/ € (0,0) and p; > r;(1/(1 — w')), 1 —wfb;(p;) > 0.
Proof. Fix some j in f. Since ¢;(p;) = pj(—h;»(pj))/yj (pj), we have that, for every p; > P
—’y}(pj)>
%(ps) )

1 _hg'(pj)) |

)" )

_ pjéj(pj) (1 =0;(pi)xi(Ps))

L

L (py
Li(p

0 (1
i
1 (ps)

ti(ps) +pj
vi(ps) +
J 9]

which is non-negative by Assumption 1. This proves the first part of the lemma. The
second part follows trivially. To prove the third part, note that p; > r; <ﬁ) implies that

P(pg) = . Hence, % = 1;(p;) > =7, and x;(p;) > w’. The second part can

then be used to obtain the third part. O]

We now differentiate the function s/ to obtain conditions under which it is strictly incre-
asing:

Lemma XI. Suppose that Assumption 1 holds for firm f, and that fi; = il for every j € f.
A sufficient condition for s/ to have a strictly positive derivative on (1,11f) is that

vwf S (O,Qf), v(pj)jef < RiJr 5.1. vj € f7 Xj(pj) > wfa

— wlpip, v
Z Yi(pi) Vi (ps) (eri(pi)l—pj(p]) — pj(pj)) < 0. (xiv)

Y '
o 1 —wl0;(p:)

Proof. Since i; = pf for every j € f, s/ is C' on (1,). For every w/ € (0,&7), define
M (wh) = s/(1/(1 — w')), and, for every j € f, 7j(wf) = r;(1/(1 — w’)). Clearly, s/ > 0 if
and only if 5/ > 0. Note that

_ s e P ()

57 (! .
W) = )
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Moreover, by Lemma E, we have that

1 1
~/ i !
9 = = (=7

_ 1 7 (7 (w!))
1 — wl =y (7 (w!)) — wf (=R (75 (wT)))’
1 (7)) 1

T 1wl () 1= w0 (7 (wT))

We can now compute the elasticity of 57:
dlog 57 Z —73 —h;-
dlogad 1= wf 1- wf9 ke Ve Yowepln )

(JJ ")/j 1 0]'
—1+ - .
l—wfjg;l—wféj (Zkef'yk Zkefhk‘>

This elasticity is strictly positive if and only if

i
0< Z ( 1—w "Ylh —+ w 1_—wf01(hj—9/yj)>,

i,jef
f w!
= Z ViV ((1 —w!)p; + 1_—wf9i(Pj - Qi)) ,
hjef
1—wlp;
= Z ViVj (Pj - ngil——waZ) 5
i.jef

where, for every k € f, the functions vz, pr and 6 are evaluated at p, = 7,(w’), which is
strictly greater than w/ (see the argument at the end of the proof of Lemma X). We can
therefore use condition (xiv) to conclude that s//(w/) > 0. O

The following lemma gives us upper and lower bounds on the function p; (j € f), which
will be useful to prove Lemma IX:

Lemma XII. Suppose that firm f satisfies Assumption 1, and that, for every j € f, p;
is mon-decreasing on (1_9],,00), limy, oo hj(p;) = 0, and i; = pf < oo. Then, for every
w! € (0,07), k € f, and py, > 0 such that xi(pr) > w/,

1—aof 1 1
T < pr(pr) < oF

of

Proof. Let k € f and w/ € (0,&0f). By Lemma A-(f), lim,, o pr(pr) = % = 4. In
addition, py is non-decreasing. Therefore, pi(py) < @—lf for all p > p,. In particular, this

inequality is also satisfied if p, is such that xx(px) > w/.
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In addition, px(pr) = te(pk E A TAE Therefore,

fosnlpr) _ 0, (Mg _ L, M0,
= e o (g o),
_ E§§ " p:;ﬁ;l) (o )xe (o) — 1),
< o

where the last inequality follows from the fact that xx(pr) < @' and pp(pr) < w—lf Therefore,
for all py > Py

o ()~ [ s [ v () - (282).

It follows that,

TP Sl SRR VENY
Pe\Pk) = — =7 1= xr(on) DPr =~ P,
In particular, if xz(py) > w’, then
11—l 1
> ]
pk(pk) el of 1 —wf

We now study a maximization problem which will be useful to prove Lemma IX:

Lemma XIII. For every w € (0,1], for every w € (0,w), define

ont )€ |15

There exists a threshold w* € (0,1) (w* =~ 0.64) such that if w < w*, then ¢, < 0 for all
w e (0,w).

Proof. Let w € (0,1) and w € (0,w). Define

M (w,w) = max , Guwi(Y, 2).

(w2)e[452 2505
Notice that ¢, 5(y, 2) = ¢ue(z,y) for every y and z. It follows that

M (w,w) = max , Guwi(Y, 2).
(w2152 5.2
y<z
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Let =21 <y <2< 1 Then,
w

v w(l—wz) w?z

= — —1
dy (1—wy)? 1-wz

1 1—wz)’ 9
= w —wz—(1-wz) |,
1 —wz 1 —wy
1

—1—-wz
=w—1<0.

(w—w’2— (1 —wz)), since y < z,

It follows that, for every (y,z) € [1=2-L1, %]2 such that y < z,

1—-w 1
< = Yye(2).
) < 0 (S ) = s
Therefore,
M (w,w) = max wo(2).
S L
Since

1— 2w?
@bg,w(z) = <1 - w) d > 0,

l—-w (1 —wz)3

the function v, 5(.) is strictly convex. Therefore,

-0 1 1-w 1 1—-w 1 1
M ) = w,w ) — ) Yw,w — ) — .
(w,) max{ng ( v 1l-w @ 1—w) P < w l-w w)}

Since @ z(2,2) = 2(w — 1)z < 0 for every z, it follows that M (w,w) < 0 if and only if
((w,w) <0, where

T —w l-w @ w 1l-w @’
w(l —w) w l—-w 1 1
J— — + — __7
w (1 —w)w w l—-w
1 w—2
= —|— — W
l-w w

For every w € (0,w),
¢ 1
S 4 1>,
ow (1 —w)? +(IJ

Therefore, ( is strictly increasing in w on the interval (0,w). It follows that M (w,w) < 0 for
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every w € (0,w) if and only if ¢ (w) < 0, where

§(@) =¢(@,0),
1 2

1l—w w
For every @ € (0,1),

1 2

"(w) = + —1>0.

Therefore, £ is strictly increasing on (0,1). Since limg o+ {(w) = —oo and limg ;- {(w) =
+00, there exists a unique threshold w* € (0,1) such that {(w) < 0 if and only if w < w*.
Numerically, we find that w* ~ 0.64. m

We can now prove Lemma IX:

Proof. Suppose condition (b) holds for firm f. Then, w/ < w*. Splitting the sum in two
terms, condition (xiv) in Lemma XI can be rewritten as follows:

V! € (0,&7), V(p));ep € RYy st Vi € f, x;(py) > o,

1 1—w/p;(pj) 1 — w! pi(py)
2 i;c%@i)%(]?j) (Wf9i<pi)—1 — erz‘(pi) + wfej(pj)—l — wfﬁj(pj) - Pi(pi) - Pj(]%‘)) (Xv)
i#£]

— o (n
+ (Z %(pi)z (wfel(pz)i_w—fg:((];z; - pz(pz))> < 0.

ief

Let us first show that the second sum in equation (xv) is strictly negative. Let w/ € (0, o),
i € f and x; such that y;(p;) > w/. Then,

_ o fa(m.
wf(,i<pi)1w_pz<m

— oim:) < ol O.(n.) — p.(n
1= wl6,(p1) pi(pi) < w!0;(pi) — pipi) <0,

where we have used the fact that p; is non-decreasing (6;(p;) < pi(p;)) and Lemma X (1 —
w!0:(pi) > 0).
Next, we turn our attention to the first sum in equation (xv). Let w/ € (0,@7) and (1)) e
such that x;(p;) > w’ for every j € f. By Lemma XII,
vhef mipe o2 L L
w

In addition, as shown above, for every k € f, 0x(px) < pr(pr) (< wif) Therefore,

1 1 - Wfpj(pj) 1-— wfpi(pi)
) z%:f %;(pi)%'(pj) (wfei(pi)m + wwj(pj)TQj(pj) — pi(pi) — Pj(pj))
i#]
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1
< 5 E f%(pi)%'(pj)%f,wf (pi(pi), pj(Pj)) 5
1,]€
i#£j

<0, by Lemma XIII. O

V.3 Condition (b) when lim, . h;(p;) > 0

In this section, we extend condition (b) in Theorem II to cases where lim,, . h;(p;) is not
necessarily equal to zero. We start with the following technical lemma:

Lemma XIV. Suppose that Assumption 1 holds for firm f, and that i; = @/ and p; is
non-decreasing on (]_oj, o0) for every j € f. Then, for every k € f,

1
Sk = {w € (0,0): Ipp>p, w=xelpr) = —}
ok Pr(Pr)
contains at most one element. If Sy is empty, then, either xi.(px)pr(pr) > 1 for every py > Py
or Xk(pr)pr(pr) < 1 for every py > p,- 1f. instead, Sy = {@}, then, for every py > P,

o Ou(p) < L, and

1—&

o if pi(pk) < %, then pr(pr) > “2° 1

1-xx(pr)

Proof. Let k € f, and assume for a contradiction that S; contains two distinct elements.
There exist p, pj, > p, such that xx(pr)por(pr) = 1. xk(P)pr(P)) = 1 and xx(pr) # x&(p})-
To fix ideas, assume xx(p}) > Xx(pr). Then, since xj is non-decreasing, pj > pi. Since py
is non-decreasing, pr(pr) < pe(p)). Therefore, xi(pr)pr(Pr) < X&(Pk)pr(p}) = 1, which is a
contradiction.

Let @ py € (p,,00) = pr(pr)xk(pr), and notice that « is continuous and non-decreasing.
If Sy = 0, then, there is no py such that x(py) = 1. Since & is continuous, either k > 1, or
Kk < 1.

Next, let py > p,. If pe(pr) < %, then, Ox(pr) < pr(pr) < % Assume instead that
pe(pr) > %. Let pp such that x,(pr) = @ . Then, pp(pr) > pe(pr) = % and, by
monotonicity, pr > pg. Therefore, xr(pr) > xx(Px) = @. Moreover, by Lemma X, we have
that 6y (z) < ——. It follows that O (z) < —— < 1.

Xk (@) = xx(z)
Finally, assume that pi(p) < -. As in the previous paragraph, let py, such that x,(pr) =
w = m. By monotonicity, pr > p.. Moreover, as already argued in the proof of

Lemma XII, for every t € [px, pk),

ppt) () | w(?) B
< ) | uld) o) — 1), by monotonicity;
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= , by definition of py.
L

t 2Pr) < k)  Therefore

Integrating this inequality between py and p,, we obtain tha oron) S D)

1—4 1
)Lk(pk) _ w 0

Pr) > pi(D ~ - .
Pi(p) 2 Pi{Pr i (Pr) @ 11— xe(pr)

Proposition IV. Suppose Assumption 1 holds for firm f. Assume that i/ = f; < u*,
and that p; is non-decreasing on (]_9],, o0) for every j € f. Assume also, using the notation
introduced in Lemma X1V, that there exists & > 0 such that, for every j € f, S; = {0} .
Then, s is strictly increasing.

Proof. As in the proof of Lemma IX, the expression in condition (xiv) can be split in two
terms (see equation (xv)). Since p; is non-decreasing for every j € f and by Lemma X, the
second sum is strictly negative. Next, we turn our attention to the first sum. Let w/ € (0,0/),
i,7 € f, and p;, p; such that x;(p;) > w/ and x;(p;) > w/. We want to show that

1 —w/p;(p; 1—w/pi(pi :
= Wf@i(pi)T;E]j)) + wfej(pj)T@-Ep»)) — pi(pi) — pi(p;) <0. (xvi)
i\M1 VAV

To fix ideas, assume that p;(p;) < p;j(p;). If pi(p;)) > -7, then condition (xvi) is clearly
satisfied, since, by Lemma X, 1 — w/6;(p;) and 1 — w/6;(p;) are strictly positive. Assume
instead that p;(p;) < wif Then, we claim that w/ < &. Assume for a contradiction that
© < wl. Since S; = {&}, there exists p; > p, such that x;(p;) = & = pi(lﬁi)'

pi(pi) < pi(p;) and, by monotonicity, p; < p;. Since y; is non-decreasing, it follows that

Therefore,

w! < xi(pi) < xi(ps) = w,

which is a contradiction. Therefore, wf < @.
We distinguish three cases. Assume first that p;(p;) < . Then, by Lemma XIV,
1—w 1 1l—w 1
>

>

. . 0 (ps 0;(p;
for k € {i,j}. In addition, 1—Wf(§izpi) < 1—%@) and 1—Jf(g;-()pj) < 1—ij(§;()pj)‘ Therefore,

U < Gur o (pi(pi), pi(p5))

which, by Lemma XIII, is non-positive, since @ < @f < w*.
Next, assume that p;(p;) < £ < p;(p;). Then, by Lemma XIV,
1—w 1 1—-w 1
- > — )
@ 1= xi(ps) w 1-w!

pi(pi) >

36



and 0;(p;) < +. Therefore,

w wf wl
Vs % <1 % ) *1 < (1= wpi(p) = pi(pi) =

w

< ) (WY Sl - o) -
< 1_wfpl<p2) a] . ﬁ 1 \M1 1\ M1

1
= ¢wf,¢2; (pz(pz)a 5) )

< 0 by Lemma XIII.

€>|b—\ E>|H

w

Finally, assume that p;(p;) > <. By Lemma XIV, 6;(p;) < = and 0;(p;) < 1. Therefore,
¥ < w!bi(p:) 1_0{’( n w!0;(p;) 1_00;( _i_;
1 —wl0;(p:) w 1 —w/0;(p;) w woow
ol ! = N1
(1-%)+ =2 (1-%)-3- 5
1« @ 1-f w oo

11
:¢wfw(77A)7
w w

<0, by Lemma XIII. O]

IN
g

Condition S; = {@} Vi in Proposition IV may look a little bit arcane. The following
corollary is easier to understand:

Corollary II. Suppose firm f is such that there exist a C3, strictly decreasing and log-convex
function h' and strictly positive scalars (o, 8;)jes such that hi(p;) = a;h! (Bip;) for every
j € f and p; > 0. Assume that h'/ satisfies Assumption 1, p’ is non-decreasing on (]_)f, 00),
and jif < p*. Then, s’ is strictly increasing.

Proof. 1t is straightforward to check that h; satisfies Assumption 1, p; is non-decreasing on
(p ,00), and jif = fi; for every j € f. Next, we show that S; C S; for alli,j € f. Let 4,5 € f.
If S is empty, then, trivially, S; C S;. Assume instead that S; # 0, and let @ € S;. There
exists p; > p, such that

1
pi(Bi)
Since h;(p;) = c;h! (Bips), it is easy to show that p;(p;) = pf (B:ps) and x;(ps) = X/ (Bips). Let
Dj = gzpl Then,

Xi(pi) =W =

) d @A)_ NS TS SR
X (B3) =X (%f?’ Xilb) =0 =650 = TG m)

Therefore, w € S;, and S; C S;. It follows that S; = 5 for all 4,5 € f.
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If S; # 0, then, by Proposition IV, s/ is strictly increasing. Assume instead that S; = ()
for all 7. Let i € f. By Lemma XIV, either x;(p;)pi(p;) < 1 for all p;, or x;(p;)pi(p;) > 1 for
all p;. Assume first that x;(p;)p:(pi) < 1 for all p;. Let j € f and p; > P, Then,

X;(pi)pi(p;) = <gzp]> (gz )<1

Therefore, x;p; < 1 for every j in f. It follows that

li (p;) < i L <
11m 1m = — Q0.
pj—00 Pi\P; p;—00 XJ( ) of

Therefore, lim,,, o h;j(p;) = 0 for every j € f. (If lim,, o h;(p;) were strictly positive, then,
since limy, o 7;(p;) = 0, p;(p;) would go to oo as p; goes to o0.) Hence, by Lemma IX, s/
is strictly increasing.

Finally, assume that y;(p;)pi(p;) > 1 for all p;. Then, using the same argument as above,
x;p; > 1 for every j € f. Let ¢« € f, and assume for a contradiction that p, > 0. Since
1/x; is non-increasing, and since, by continuity, ¢; (g_yl) = 1, it follows that lim,, St Xi (pi) =
0. Therefore, lim, Spt pi(p;) = oo, which is a contradiction, since p; is non-decreasing.
Therefore, p,=0.

Assume for a contradiction that lim,, ,o+ ¢;(p;) = 1. Then, using the same reasoning as
in the previous paragraph, lim,, o+ p;(p;) = oo, which is again a contradiction, since p; is
non-decreasing. Therefore, lim,, o+ ¢;(p;) > 1, and @ = lim,, o+ x;(p;i) is strictly positive.

X;(pj) = (gﬁp]) )

lim,, o+ X;j(p;) = @ for every j € f. Notice that, for every j € f, for every p; > 0,

In addition, since

1 1
(p;) > lim p;(p.) > lim = —,
pi(p;) —p;__)pr(pJ) =0 o) @
and that, by Lemma X,
1 1 1
0;(p;) < < lim =—.
PTG () Tt X)) w

It follows that 1

max sup 0; < — < min inf p;,
icf (0,00) w ief (0,00)

i.e., condition (a) in Theorem II holds. By Lemma VII, s/ is therefore strictly increasing. [

Proposition V. Suppose Assumption 1 holds for firm f. Assume that i = ji; < p*, and
that p; is non-decreasing on (]_93,, 00) for every j € f. Assume also that 6,(p;) < % for every

j€ fandp; e (]Qj,oo). Then, s' is strictly increasing.
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Proof. Leti,j € f,w! € (0,07) and p;, p; > 0 such that x;(p;) > w/ and x;(p;) > w/. Define

w/0;(p;) w/0;(p;)
p=_—— " 1 (s —— (1 —wlpi(pi) = pi(pi) — pi(ps).
T oT0.(p) (1= wpi(ps) + — 70, () (L= wpi(pi) — pi(pi) = ps(p;)
As in the previous proofs, all we need to do is show that ¥ < 0. Assume first that p;(p;) > w_lf
and p;(p;) > Z7. Then,
max (0;(pi), 0;(p;)) < min (p;(pi) p;j(p;)) -
Therefore, ¥ < 0.
Next, assume that p;(p;) < =5 and p;(p;) > =7. Then, we claim that
-l 1 .
pi(pi) > Tl (xvii)
To see this, assume first that S; = {&;}, where &; € (0,&/). Since p;(p;) < 25 < =, by

Lemma XIV,

()>1—wi 1 >1—@f 1

Pipi) = (,:)Z 1— Xz(pz) - (ij 1— wf'

Assume instead that S; = (). By Lemma XIV, either y;p; < 1 or x;p; > 1. If x;p; > 1, then
we know from the proof of Corollary II that

1
2 i_ﬁ-

1
pi = sup — >

This contradicts our assumption that p;(p;) < wa If, instead, x;p; < 1, then we know from
the proof of Corollary IT that lim,, . hi(p;) = 0. Therefore, by Lemma XII, inequality (xvii)
holds.

Therefore,

<

e ! w!
v < _0ip) (1 — _—) + 2 (1= w!pi(p)) = pilps) — %

- 1- wf9i<pi) of 1 — g_;

w! pi(p:) w! wl 1
< VY (1 - @ ]‘_fii_ii__
= burar (000, =
= Pwf of pZPZ7(Df )

< 0 by Lemma XIII.
Finally, assume that p;(p;) < 27 and p;(p;) < =r. Then, as above,

()>1—a;f 1
Pe\Pr) = o 1— ot
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for k € {i,j}. Therefore,
v < ¢wf,wf (pl<pl)7p](p]))7

which is non-positive by Lemma XIII. O

Corollary III. Suppose Assumption 1 holds for firm f. Assume that pf = fi; < p*, and
that p; is non-decreasing on (]_:)j, 00) for every j € f. Assume also that 0; is non-decreasing

on (Qj, o0) for every j in f. Then, s' is strictly increasing.

Proof. Let k € f. Since 0, is non-increasing, for every p, > p,,

Op(pr) < lim Gi(p,) < lim —,
( ) p;c—wo ( k) p;€—>oo Xk(p%) wf

where the second inequality follows from Lemma X. Therefore, by Proposition V, s/ is
strictly increasing. O]

V.4 Proof of Proposition III

Proof. Let ((hj)jen, H°, F, (¢;)jen) be a pricing game satisfying Assumption 1. We rewrite
the function  as follows:

> e (hi(rs(m! (H)) + L7

fer

g ) <1 Ee (s (1)) + #7)
T wlH) S ulmI(H)

where we have used equation (14) in the paper. Hence, to establish equilibrium uniqueness,

S e s (g (g (m (H)+ 247
e Vi(ri(ml (H)))

Sjes (hitrw )+
> jerilri(ul)) !

it is sufficient to show that, for every f € JF, the ratio is strictly

decreasing in H. This is equivalent to showing that the ratio &/(u/) =

strictly increasing in /.

Note that &/ is continuous on (1,7f), and C! on (1, /) \ {ji;};c;. Hence, a sufficient
condition for £/ to be strictly increasing is that &(uf) > 0 for every uf € (1, 29) \ {fi;}jes-
Fix such a puf, and let f" be the set of j’s such that ji; > uf. Then,

)=

Y

Sier (hi(00) + 22) 4 sy (hylrs () + )
Zjef’ Vi (ri(ul))
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Fre ) — 1 _ P (A (!
s (Ejef’ ’Yj(rj(/if)))2 J¢Zf: (h |N|> ; i)

1+ Z () (h;-(’r’](/i N (ri(p?)) —~5(r; (1)) (hk(rk(uf)) " %))) 7

N > ikes i) (h}(rj(uf))%(rk(ﬂf)) — 5 (1)) (hk(rk(ﬂf)) T %»
(Syep u(rsu)
S swer TH (=3 () (=05 ) (8)) + ha(rae)) + 57
<Zjef’ %‘(Tj(/if)))z
_ Sarer N5, (=55 (B )yl + 7
(Syer s
_ Soner (s ) (-2 + £7)

) (e ursu))

) (xviii)

where the last inequality follows by Lemma X.

We can now prove the first part of the proposition. Let H° > 0. Put P = maxXjer MaXjes P .
By Lemma A and Assumption 1, the functions 7, (-) and 1/x;(-) are non-increasing on (p, c0).
Moreover, limy, o Y%(px) = 0 and lim,, o 1/x;(p;) > 0. Hence, there exists ¢ > p such
that y1.(c)/x;(c) < H/|N| for every f € F and j,k € f. Suppose that the pricing game
((hy)jens H°, F, (¢j)jen) is such that H® > H" and ¢; > ¢ for every i € N. Then, for
every i € N and u € (1,f;), we have that r;(u) > ¢. Hence, by monotonicity, for every
feF, ue,nf), and j k € f such that i; > pf and g, > p/, % < % Using
inequality (xviii), this implies that, for every firm f, for every u/, ¢/'(u/) > 0 whenever
w' & {fi;}jes. Hence, Q is strictly decreasing, and the pricing game ((h;);en, H, F, (¢;)jen)
has a unique equilibrium.

We now turn our attention to the second part of the lemma. Let ¢ > 0. For every i € NV,
let p; be the monopolistic competition price for product ¢ given marginal cost c¢. Choose

some H such that WOI > ;’jg’;g for every f € F and j,k € f. (Since p; > p, for every
i, the ratios are well-defined.) Let ((h;)jen, H°, F,(cj)jen) be a pricing game satisfying
H° > HY and ¢; > ¢ for every i € N. Since ¢; > ¢ for every i, we have that ri(p) > p; for
every i. By monotonicity of the v and x functions, it follows that % < ﬁ\[/‘ for every
feF, pwe(,p)and j,k € f such that g; > p/ and x> p/. Combining this with
inequality (xviii) allows us to conclude that Q is strictly decreasing, and that the pricing
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game ((h;)en, H°, F, (¢j)jen) has a unique equilibrium. O]

V.5 An Index Approach to Equilibrium Uniqueness

Fix a pricing game ((h;)jen, H®, F, (¢;);jen) satisfying Assumption 1. We now follow an
index approach to derive conditions for equilibrium uniqueness. Since we will be working
with matrices, we will sometimes assume that F = {1,...,F}, and that firm f’s set of
products is N/. To avoid differentiability issues which would prevent us from applying the
index theorem, we assume that ji; = i/ for every f € F and j € f.

We know that establishing uniqueness in the pricing game is equivalent to establishing
uniqueness in the auxiliary game in which firms are simultaneously choosing their p/’s. We
also know that a profile 1 = (/) sex is an equilibrium of the auxiliary game if and only if
for every f € F,

¢ (1) = (0’ —1) (th>+ Zzhk +H° —ufZ%:O.

kENT giJf-' keNt keN’
g

In the following, we derive conditions under which the map ¢ has a unique zero. We do so by
showing that, under those conditions, the determinant of the Jacobian matrix of ¢ evaluated
at pu is strictly positive whenever ¢(u) = 0. We have shown in the proof of Lemma G that

=> ) h+H =H(p).
FEF keN /S

Moreover, if g # f, then

oot
= =) Y i

8,u9 keNd
Therefore,
H(p) (1 = 1) D pene il 0 (1 = 1) Dpeper i1
tet () = | (12~ D e 7R H(p) (= 1) S Tl
(B = 1) 2 hen el (W5 = 1) pepe il o H(p)

) . ) e H(p)
(g(“ 1)k§f kh’“) det M ((1 * (1 = 1) D pens 7“2:<—h2:))13f3F> 7

where the second line has been obtained by dividing row f by p/ — 1 and column f by
> wens il for every fin {1,..., F'}, and by using the F-linearity of the determinant. By
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Lemma I,

feF keNf feF

B H(p)
2 11 (1 T D) e r;<—h;>)> |

geF f#g

— f_ PR (—1)F H(p)
(g(“ b2 kh’“>( Y (}1(”<uf—1>zkew;<—h;>)>
1
x 1_2 H (1) ’

rer Lt s,

_ <H (H(u) +( -1 ) Té(—h2)>> 1-> 1H(u)

reF v yer Lt s e i)

-~

>0

Therefore, we need to show that

f_
bt ower k(=)
Z ,u,f 1

fer 1+ g 2oner (= 1)

<1 (xix)

whenever ¢(u) = 0.
We now relate this uniqueness condition to the one we derived by following an aggregative
games approach. Applying the implicit function theorem to equation (14), we obtain:

/ ! mf (H)(m/(H) — 1)
mf(H):Fl—i—mf( H)(m!(H) — 1)%
-2 e/ (1) 1)
By 4t () - )Zkef« Ekeﬂk Chpn)
1 () (m? (H) — 1)
— fmf(H) + (mf(H) — 1)2&2%1;(:2)’
mf (H)—1

- mf(H)—1 ?
1 LS k(=R

where the second line follows by equation (11), and the fourth line follows by equation (14).
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The derivative of the aggregate fitting-in function is therefore given by:

I'(H) = me/(H) ngch;g _ Z mTAZkef (=)

f—1 :
feF kef fer L+ 2 Yohey (=)

The index condition (xix) is therefore equivalent to the fact that the slope of the aggregate
fitting-in function is strictly less than unity whenever that function intersects the 45-degree
line. This is, in turn, equivalent to Q'(H) < 0 whenever Q(H) = 1, which is an index
condition for the mapping Q2 — 1.

V1 Functional Forms and Cookbooks for Applied Work

VI.1 Equilibrium Existence: Functional Forms and Cookbook

Recall that H* was defined as the set of C3, strictly decreasing and log-convex functions from
R, to R, that satisfy Assumption 1. In this section, we provide examples of functions A
that belong to H*. We also develop a cookbook for constructing such functions.

Cookbook. One way of looking for an example of a function h that belongs to H* is to start
with a function A that is positive, decreasing and log-convex, and check that the associated
¢ function is non-decreasing whenever it is strictly greater than 1. This is tedious, because
nothing guarantees that ¢ will have the right monotonicity property. Another possibility
is to start with a function ¢ that is positive and non-decreasing, integrate a second-order
differential equation to obtain a function h, and adjust constants of integration to ensure
that h is positive, decreasing and log-convex. The following proposition states that such
constants of integration exist:

Proposition VI. Let 7 : Ry, — Ry, be a C' function such that T is non-decreasing,
lim, o+ 2(p) > 0, and U(p) > 1 for some p > 0. For every (o, ) € R3 ., let

P (p) = a (ﬁ — /1p exp (— /1t7(7“)du) dt) :

Then, there exists 3 > 0 such that heB € H if and only if > 0 and B > 8.

Proof. 1t is straightforward to show, using standard differential equation techniques, that

—xz,/((;c)) = 1(z) for all x if and only if h = h*” for some a # 0 and B € R. All we need to do

now is look for the set of pairs (o, 3) such that h®# € H*.
Note that, for all «, 3,
hP(2) = —aexp (—/ Malu) ,
U

44




i.e., h*% has the same sign as —a. It follows that h*” cannot be in H* if @ < 0. In addition,
if h*? € H* for some o > 0 and B € R, then h*# € H* for all o > 0. Therefore, we can set
a equal to 1 without loss of generality.

The problem now boils down to finding the set of $’s such that h® = h'# is strictly
positive, decreasing and log-convex. We already know that A% < 0. Therefore, the fact that
h” has to be decreasing does not impose any constraint on £3.

Clearly, lim,, ,, h°(p) exists and is strictly negative. We now show that this limit is finite.
Let 2° > 0 such that 7(z°) > 1. Proving that lim, ., h°(p) is finite is equivalent to showing

that the function ¢ — exp <— flt T(Tu)du> is integrable on [2°, 00). For every ¢ > a9,

0 ~

oo (= [ ) < o ( [ [ <_>d)

~exp <_ /1 ’ @du) exp (—7(1;0) log <%>) | (xx)
) ()

The last expression is integrable on [2°, 00), since 7(2°) > 1. Therefore, ¢t — exp (— ff Mdu)

u

~

0 00) and B = lim, , h°(p) is finite and strictly negative. It follows that

is integrable on [z
the function h? is strictly positive if and only if 8 > 8.

Let 8 > B Then,

2

d W' (x) W' (x)hP (z) — (W' (x))” 1-h"(z) (7(:70) B x—hﬁ’(as))
dx hP(x) hB(x)? 2 hA(x) hP(z) )~

Therefore, h? is log-convex if and only if 7(z) > x_ﬁf—&;ﬂ) for all x > 0. Since h®(x) increases

with 3 and h#(x) does not depend on g, it follows that, if h? is log-convex and 3’ > 3, then
h?" is also log-convex.
Moreover, using (xx), we see that, for every z > x°,

IO ~ —T(IO)
—ahB < _ @ 2~
xh”(x) < zexp ( /1 ” du <$0> ;

0 ~

= exp (—/ Mdu) (xo)uxo) D TARCICID RN 0,
1 U T—+00

where the last line follows from the fact that 7(z%) > 1.

Let 3 > (. Then, lim, oo h?(p) > 0, and therefore, limr%ooxf}ff—éf) = 0. Since
lim,_,o t(p) > 0, it follows that there exists & such that 7{z) > .7:_:;(;(5) whenever x > 7.
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L 5 : : ~ —h7(a)
In addition, since h” increases with (3, we also have that, for all 5/ > 3, i(z) > = " ()

whenever x > Z.
—azhP (z)
A (2)

Next, we turn our attention to lim,_,o+ . Note that

(b (a)) = ~h(2) (1~ ().

Therefore, if lim, ,o+ 2(p) > 1 or lim, ,o+ 2(p) < 1, then = — (—zh”(z)) is monotone in
the neighborhood of zero, and lim, o+ —zh”(z) exists. If instead limg+ 7 = 1, then, by
monotonicity, either there exists ¢ > 0 such that 7(z) = 1 for all z € (0,¢), or 7(z) > 1
for all z > 0. In both cases,  + (—xh”(x)) is monotone in the neighborhood of zero,
and lim,_,o+ —zh” (z) therefore exists. Note that lim, o+ h®(p) trivially exists, since h” is
monotone.

We distinguish two cases. Suppose first that lim,_,o+ —zh”(z) is finite, and denote this
limit by . If limg+ h? = oo, then

_ —h¥(z)
o) =T 50y o JL%# ip) > 0.

Therefore, there exists £ > 0 such that o(z) > = ) for all z € (0,Z]. In addition, the
inequality also holds if we replace 8 by g’ > 5. If, 1nstead limg+ h® < oo, then

- —h?(z) .~ [
L(x)—xg——> lim 7(p) —— - =
h (x) z—0t p—0t hmp—)O"" hﬁ(p) —+ B — ﬁ
>0

which is strictly positive for 5 high enough For such a high enough [, we obtain again the
existence of an # such that 7(z) > 2= for all z € (0, 7.

Next, assume instead that hmz%m —xhﬁ (x) = 0o. Let M > 0. There exists € > 0 such
that h?(z) < —M/z whenever z < e. Integrating this inequality between x and e, we see
that

hP(x) > hP (e )+M10g— — 0.

T x—0*

Therefore, lim,,_,o+ h?(p) = 0o, and we can apply 'Hospital’s rule:

—xh? (z) —xh?"(z) — hP' ()
lim ——————= = i li — 1.
st RB(z) | wmo 1A () = Jm i(p)
Therefore,
- —h? ()
x)—x e A 1>0.
Again, this gives us the existence of an Z such that 7(z) > r= 5 ) for all x € (0, |
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To summarize, we have found a g > 3 and two strictly positive reals  and & such that

for all " > 8, i(x) > x;:f,—(/g) whenever x > 7 or x < Z. If > &, then we are done: there
exists 5 > 3 such that 7(x) > x_:;(/g)

every 5/ > f and x € |7, 7],

for all z > 0. Assume instead that z < . Then, for

_pP _p :
x hf;/ (ia)c) <z h};' (g:), since h” is non-increasing,
—hB'(x) ' & 5 ,
:xhﬁ(i)jtﬁ’—,@’ since h” — h” =" — 3,
1
< —th?'(t — 0
= e (=th( ))J WP(3) + B — B foe

~
finite, by continuity and compactness

1 (z) for all z € [z,z]. Tt follows that

Therefore, there exists 5 > [ such that 7(x) > T )

ox) > x_:;,(,g) for all x > 0.

This implies that the set
B = {ﬁ > B T log-convex}

is non-empty. In addition, we also know that if 3/ > § and § € B, then ' € B. Put
B = inf B. Assume for a contradiction that 8 ¢ B. Then, there exists > 0 such that

_ —h? (z)
ix) < xhﬁ—(x)

Then, by continuity of A” in 3, there exists 5’ > B such that

. —h(x)
< T—F%—.
x) <z )
But then, 3 € B and h” is not log-convex, a contradiction. Therefore, the set of 8’s such
that h” is positive, decreasing and log-convex is |3, 00). ]

The appeal of Proposition VI is that it allows us to use (¢j)jen as a primitive, instead of
(hj)jen- This is useful, because markup patterns are governed by the ¢ functions.

Once an admissible h function has been generated, it is straightforward to modify it by
introducing price sensitivity and quality parameters:

Proposition VII. Let h € H' and (o, 5,0, ¢) € R3 . x R%. For every p > 0, define
h(p) = ah (Bp +9) +¢.
Then, h € H".
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Proof. See the proof of Proposition VIII. O

Examples. As we mention in the paper, the set of CES (h;(p;) = aip; 7, a; > 0, 0 > 1)
and MNL (h;(p;) = exp((a; — pi)/ M), a; € R, A; > 0) h-functions is contained in H*. One
way of bridging the gap between CES and MNL functions is to consider the following family
of h-functions: For every A > 0, ¢ € [0,1] and p > 0,

exp <—A’%) if ¢ >0,

h®(p) =
p if p =0.

It is easy to check that h?* converges pointwise to h%* (i.e., CES) when ¢ goes to zero, and
to MNL when ¢ goes to 1, and that h®* € H* for every ¢, A

Other examples of admissible h-functions include h(p) = 1/log(1 + €?), h(p) = exp(e™?),
h(p) =1+ 1/(1+¢e'*?), h(p) =1+ 1/cosh(2 + x), etc. All these functions can be tweaked
by adding price sensitivity and quality parameters, as described in Proposition VII.

V1.2 Equilibrium Uniqueness: Functional Forms and Cookbook

Cookbook. A priori, condition (a) in Theorem II seems tedious to check if the firm under
consideration has heterogeneous products. The following proposition shows that a certain
type of product heterogeneity can be easily handled, and provides a cookbook for applied
work:

Proposition VIIIL. Let h € H' such that sup,.,0(p) < infys, p(x). Let f be a finite and
non-empty set, and, for every j € f, (aj,ﬁj,(Sj,ejj e RY, xR%. For every j € f, define

hi(p;) = o;h(Bip; +0;) + €5, Vp; > 0.
Then, for all j € f, hj € H'. Moreover, max;es sup,, -, 0;(p;) < minjesinf, ~p p;i(p;)-

Proof. Let 57 € f. Then, for all p > 0,

Wi(p) = ;B0 (Bjp + 6;) <0
h”(p) = ajﬁfh"(ﬁjp + (5J) > 0,
vi(p) = a;v(Bip + 6;),
V() = ;877 (Bip + 0;),
p;i(p) = p(Bip + 6;) + m > p(Bip + 6 ),
ej(p) = e(ﬁjp + 5]’),

ﬁjp

Li(p) = By + 5jb(ﬁjp+ d;)-

48



Therefore, h; is positive, decreasing and log-convex, and ¢; is non-decreasing whenever ¢; is
> 1. In addition, for every p > P

1< Lj(p) < L(ﬁjp—i‘ 5J)

Therefore, 8;p +d; > p, and
0;(p) < supO(p').
p'>p
It follows that sup,., 0;(p) < sup,.,0(p). Using the same reasoning, we also obtain that
infp>gj pi(p) > infp>B;(p). Therefore,i

max sup 0;(p) < maxsup0(p),
Jef p>£j Jjef p>p

< sup6(p),

p>p

< inf p(p),

p>p

< min inf ,
< mir p>£p(p)

< min inf p;(p). OJ
< min inf p;(p)

Examples. Proposition VIII can be applied as follows. Let h(p) = e7? for all p > 0. We
already know that h € H*. In addition, p(p) = 6(p) = 1 for all p > 0. By Proposition VIII, if

a5 =Pj

firm f is such that for all j € f, there exist A\; > 0 and a; € R such that h;(p;) =e * for
all p; > 0 (i.e, firm f only has MNL products), then condition (a) in Theorem II holds for
firm f. This implies in particular that a multiproduct-firm pricing game with MNL demand
has a unique equilibrium.

Similarly, let h(p) = p'=° for all p > 0 (0 > 1). Again, we already know that h € H'.
In addition, p(p) = 0(p) = o/(0 — 1). Therefore, if firm f is such that for all j € f, there
exist a;,b;,d; > 0 such that hj(p;) = a; (bjp; +d;)'~7 for all p; > 0, then condition (a) in
Theorem II holds for firm f. In particular, a pricing game with CES demand has a unique
equilibrium. Other candidates for the base h include h(z) = exp (e7*), h(z) = 1+1/(1+e! ™),
h(x) =14 1/cosh(2 + z), etc.

Some functions satisfy condition (b) in Theorem II, but not condition (a). Consider the
following function: h(z) = m. It is easy to show that h € H", p is non-increasing, and
f = 2(< 2.78). Therefore, condition (b) holds. However, condition sup 6(z) < inf p(z) is not
satisfied.

It is easy to find functional forms for which Theorem II has no bite. Consider, for instance,
the family of functions h®* € H* introduced in Section VI.1. It is easy to show that p?*(-) is
strictly decreasing whenever ¢ € (0, 1). Therefore, none of the conditions in Theorem II hold.
With such functional forms, it is still possible to apply Proposition III to prove uniqueness of
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equilibrium, provided that marginal costs are sufficiently high and/or that the outside option
is sufficiently attractive.

VII Nested Demand Systems and Multi-Stage Discrete
/ Continuous Choice

VII.1 Multi-Stage Discrete/Continuous Choice

We model multi-stage discrete/continuous choice as follows. The (non-empty and finite) set
of products N is partitioned into a set of nests £. There is a continuum of consumers. The
type of a consumer is denoted by (19,1) € [—00, 00)?. Those types are distributed according
to the measure p. A consumer of type (19,7) observes his type and the price vector (p;);en
at the beginning of the choice process. He first decides whether to take the outside option,
in which case he receives the utility flow 7, or to continue searching. If he turns down the
outside option, then he receives the utility flow 7, and moves on to the second stage of the
choice process. He then observes a vector of nest-level taste shocks (&');cz, drawn i.i.d. from
a type-1 extreme value distribution. If he picks nest [ € £, then he receives the utility flow
e!, and moves on to the third stage. In that third stage, he observes a random pair (n},n')

L over [—00,00)?, and decides whether or not to take the

drawn from a probability measure v
nest-specific outside option. If he does take that outside option, then he receives the utility
flow n}. If not, then he receives the utility flow n’, and moves on to the fourth and last
stage of the choice process. In that last stage, he observes a vector of product-level taste
shocks (g/);e; drawn i.i.d. from a type-I extreme-value distribution, chooses a product j € [,
receives the utility flow log h;(p;) + €;, and consumes —h’;(p;)/h;(p;) units of that product.
Consumers are assumed to be expected utility maximizers.

Thus, if a consumer of type (19,7) turns down the outside option in stage 1, chooses nest
[ € £ in stage 2, turns down the nest-specific outside option in stage 3, and chooses product
j € 1, then that consumer receives the utility flow log h;(p;) +; +n' + &' + 1. If instead he
turns down the outside option in stage 1, chooses nest [ € L in stage 2, but takes the outside
option in stage 3, then he receives the utility flow n} + &' + 7.

To summarize, a multi-stage discrete/continuous choice process is a tuple (N, £, i, (V')ie,
(h;)jen), where N is a non-empty and finite set, £ is a partition of A/, u is a measure over
[—00,00)?, V! is a probability measure over [—oc, 00)? for every | € £, and h; is a strictly
positive and C! function for every j € N'. Throughout this section, we maintain the following
assumption:

Assumption ii. (a) For every j € N, h; is a Ct, strictly decreasing, and log-convex
function from R, to R, .

(b) For every X € R, the function (ny,n) € [—00,00)* — max(ny, X +n) is u-integrable,
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and
({00, m) €R?: =y = X}) = 0.

(¢c) For everyl € L and X € R, the function (n},n') € [—00,00)? — max(n}, X +n') is V-
integrable, and the random variable n' —n} (where (nh,n') is drawn from the probability

measure V', conditionally on (nh,n') being finite) is continuously distributed.

As in Section I, Assumption ii-(a) ensures that log h; is an indirect subutility function for
every j. The integrability parts of Assumptions ii-(b) and (c) ensure that consumer surplus
is well-defined. The atomless parts of Assumptions ii-(b) and (c¢) will give us smooth choice
probabilities.

The following proposition provides a complete characterization of the set of demand
systems that can be derived from multi-stage discrete/continuous choice.

Proposition IX. Let D : Rﬁ\rcr — Rf be a demand system. The following assertions are
equivalent:

(i) D can be derived from a model of multi-stage discrete/continuous choice (N, L, p,
(Wiec, (hy)jen) satisfying Assumption ii.

(ii) There exist functions ¥, (®)ey and (h;)jen such that, for every p € RY,, n € M and

1 €N,
Di(p) = —h;(pi) @™ (Z hj(pj)> v’ (Z U (Z hk(pk)>> : (xxi)

JjEN lel kel

where:

(a) For everyi € N, h; is C1, strictly decreasing, and log-convex from Ry, to R,

H®™ (H)

g 1S mon-

(b) For everyn € L, ®" is C* from R,y to Ry, ; Moreover, H
negative, non-decreasing, and bounded above by 1,

(c) WisC! fromR ., toR; Moreover, ® — ®W'(®) is non-negative and non-decreasing.
Moreover, overall consumer surplus at price vector p is equal to W (zleﬁ P! (Ekel hk(pk)))

Proof. (i) = (ii). let (N, L, u, (W)ier, (h;)jen) be a model of multi-stage discrete/continuous
choice satisfying Assumption ii. We fix a consumer, and compute his expected demand for
each product. We know from our analysis in Section I that, if the consumer ends up in nest
n in the fourth stage of the choice process, then he chooses product ¢ € n with probabi-
lity hi(pi)/ > jen hi(p;), and consumes —hi(p;)/hi(p;) units of that product. Moreover, his
expected utility from choosing nest n in stage 3 is log Zjen hi(p;) +n" =log H™ + n".
Hence, if the consumer ends up in nest n in the third stage of the choice process, then
he turns down the nest-specific outside option if and only if log H™ + n™ > n{. (Ties are
irrelevant, since, by Assumption ii-(c), the event n — n" = log H" arises with probability
zero if n{ and n" are both finite, and the integrability condition implies that the event
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(ny,m"™) = (—o0, —o0) is assigned probability zero as well.) Conditional on choosing nest n in
stage 2, the consumer’s expected utility (which is well defined, due to the integrability part
of Assumption ii-(c)) is given by:

O"(H™) = /[ . max(ng,log H" +n™)dv"™ (ny,n"),

_ / Tdv (g, —o0) + / 7" (—o0, ") + v"({—o0} X R) log H"
R R

+ | max(n, log H" +1")dv" (g, ").
R
We now argue that ¢" is C'. To do so, we show that H" € Ry +— [, max(n,log H" +
n)dv™(ny,n") is C'. Let H > 0. For every H"™ > H, note that the partial derivative
8% max(ny,log H" 4+ n") exists v"-almost everywhere. That derivative is non-negative, and
bounded above by the v integrable function (i, n") — 1/H. Hence, H" — [, max(n{, log H"+

n™)dv™(ng,n™) is differentiable, and

0
OH™

n n n n n n 8 n n n n n n
/ max(ng log H™ + 7)o" (") = | =S max(ng log H" + )" (1 1),
R2 R2 aH

1
= / mdvn(m’}, n"),
(ngm™): log H™+n">n
n n n n n n 1
=" ({0, ") € R® : log H" +n" > nfj}) o0
By Assumption ii-(c), this derivative is continuous in H™. It follows that ¢" is C', and that

H"¢"(H") = "({—o0} x R) +v" ({(ng,n") € R* : log H" +n" > n'}) ,
=v" ({(ng,n") € [—00,00)*: log H" + 1" >n3}),

which is the probability that the consumer turns down the outside option in stage 3. Since
V" is a probability measure, H"¢™(H™) is non-negative, non-decreasing in H", and bounded
above by 1.
Put ®"(H™) = exp ¢"(H") for every H" > 0. Then, ®" is C' and strictly positive, and
q;n(Hn)
We can now move back to the second stage of the choice process. The expected utility

is non-negative, non-decreasing, and bounded above by 1.

derived from choosing nest n is ¢"(H™) + ™. Hence, the consumer chooses nest n with pro-
bability ®"(H")/ > ;. ®'(H'). The expected utility derived from turning down the outside
option in stage 1 is therefore equal to log )", . OY(H') +n = log ® + n. Hence, a consumer
with type (n°,n) turns down the outside option in stage 1 if and only if log® + 1 > nq.
(Again, due to Assumption ii-(b), ties are irrelevant.)

Let W(®) be overall consumer surplus. By Assumption ii-(b), ¥ is well defined and given
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‘I'(CI)):/[ . max (7)o, log ® + 1) dp(no, n),
= /nodu(no,—OO)+/(10g¢+n)du(—oo,n)+/2maX(no,log<I>+77) dp(no, m).
R R R

We start by simplifying the term fR(log ® + n)du(—oo,n). By Assumption ii-(b), n € R —
log ® + 7 is p(—o00,-)-integrable for every ®" > 0. This implies in particular that n — 7
is pu(—o0,-)-integrable. Let ® = 1. Then, n — log® = (log® + n) — n is the sum of
two p(—o0, -)-integrable functions. That function is therefore p(—oo,-)-integrable as well.
It follows that [, |log ®'|du(—0c0,n) < co. Hence, u({—oc} x R) < oco. This allows us to
rewrite U(®) as follows:

V(D) = /Rnodu(no,—OO)+/R77du(—oo,77)+u({—oo} x R)log ®

+ | max (o, log © + 1) du(no, n).
RQ
We now argue that ¥ is C!. To this end, we show that the contribution to consumer
surplus of consumers with finite types, given by W(®) =[5, max (1o, log ® + 1) du(no,n), is
C'. We would like to differentiate ¥ under the integral sign. To do so, we first need to prove
that (S?) < oo for every ® > 0, where

S* = {(770»77) ER?: n+log® > 770},
Let ® > 0 and @ > ®. Clearly, S® € S%. For every ® > 0, define the following function:

" n+log®” if (19, n) € ST,
g% : (mo,n) € R? — {0

otherwise.

Since (n9,n) — max(no,log ® + n) and (ny,n) — max(ng,log ® + n) are both p-integrable,
g® and ¢* are p-integrable as well. As a result, ¢® — ¢® is p-integrable, and

log(8'/D(5*) = [ | |tox(@ @)= [ 16" = *ld < .

In words: For every ® > 0, the mass of consumers who turn down the outside option is finite.

We are now in a position to prove differentiability. Let 0 < ® < ®. For every ® €
(®, @), the partial derivative %max(no,logq) + n) exists for p-almost every (ng,n) (using
Assumption ii-(b)). Moreover, that partial derivative is non-negative, and bounded above by
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the function B
é if (770777) ES(I)?

m,7) € R? =
( ) {0 otherwise,

which is p-integrable, since p(S®) < oo. It follows that W is differentiable on (@, ®), and

V(@) = 2u(s”).

Moreover, U is continuous (by Assumption ii-(b)) and non-negative, and ® — ®U' () is
non-decreasing (since S® C S whenever ® < @ ). We can conclude that ¥ is C', and
® — OU/(P) is non-negative and non-decreasing. Moreover, ®W'(P) is equal to u({(no,n) €
[—00,00) : logn + ® > 7°}), the mass of consumers who turn down the outside option in
stage 1.

To sum up, overall consumer surplus is equal to ¥(®). A mass ®U¥'(P) of consumers turn
down the outside option in stage 1. Out of those consumers, a fraction ®"/® choose nest n in
stage 2. Out of those consumers, a fraction H"®"(H™)/®"(H") turn down the nest-specific
outside option in stage 3. Out of those consumers, a fraction h;(p;)/H™ choose product i € n
(and consume —h}(p;)/hi(p;)) in stage 4. Hence, the total demand for good i is given by:

o H"OM(H")  hy Ml

Dl<p) = q)\pl((b) X D X T X Hn X y

— —h/ q)n/\pl
which is the expression given in part (ii).

(ii) = (i). Conversely, suppose that the demand system D can be written as in part (ii)
of the proposition. We need to construct a measure p over [—o0o,00)? and a collection of
probability measures ('), over [—o0,00)? that satisfy parts (b) and (c) of Assumption ii,
and such that the multi-stage discrete/continuous choice model (N, L, i, (V' )iez, (hj)jen)
gives rise to D.

We first construct the probability measures (¢');c.. Let n € L. Put ¢" = log ®". Then,
@™ is C', and H™ — H"¢™(H") is non-negative, non-decreasing, and bounded above by 1. We
now drop the nest superscript to ease notation. Our goal is to construct a joint probability
measure v over [—o0o, 00)? that satisfies Assumption ii-(c), and such that, for every H > 0,

otH) = [ matu, og H + n)dv(n. ).

Clearly, 0 < limy 0 H¢'(H) < limy oo HY'(H) < 1. Put a = limy_,o H¢'(H) and
f=limy o HY'(H) — . If p =0, then H¢'(H) is constant. It follows that

o(H) =alog H+ ¢(1).
This ¢ function can be trivially generated, e.g., by the discrete probability measure that
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puts weight « on the event (19,1) = (—o0, ¢(1)), and weight 1 — « on the event (19,7) =
(¢(1)7 _OO>'
We now turn our attention to the more interesting case in which § > 0. For every H > 0,

put
an:%an—amgH»

Note that ¢ and Hé’(H) are non-decreasing, and that limg_, H&’(H) = 0 and limg_, H&’(H) =
1.

Let A be a random variable with continuous cumulative distribution function F(J) =
1 — exp(—d)¢'(exp(—0)). (It follows from the properties of H¢'(H) that F' is indeed a
cumulative distribution function.) We use A to define the random variables Ey and E as
follows:

Ey = 0(1) — max(0, A),
E=FEy+A=¢(1)+ A —max(0,A).

Clearly, the random variable E — Ey = A is continuously distributed. Let 7 be the joint
probability distribution of (Ey, E'). We need to show that

2 | max(ng,log H +n)|dv < oo, VH >0,
R
or, equivalently,
/]1&2 |no + max(0,log H +n — no)|d < oo, VH > 0.
By definition of the random vector (FEjy, F), this is equivalent to showing that
I(H) = /R ‘gg(l) — max(0, 0) + max(0,log H + 5)‘ dF(0) < oo, VH >D0.

We now simplify I(H). Suppose first that H < 1. Then,

0 —log H 00
Hm=/ WMM@+A wm—mw@+/ 16(1) + log H|dF(5),

—00 —log H

< [@(1)] + [log H| < oo

Similarly, if H > 1, then,

I(H):/_ - |q3(1)|dF<5>+/ |¢3(1)+5+1ogH|dF(5)+/Ooo|g£(1)+1ogH|dF(5),

[e'S) —logH
< |3(1)] + 2/log H| < .
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Hence, (19,n) — max(no,log H + n) is p-integrable for every H.
For every H > 0, let

((H) = max (1o, log H + n)dv(no,n).
RQ

((H) is the overall consumer surplus generated by the choice process 7 when the inside option
is worth log H. Note that, by definition of (g, n),

C(1) =)+ /R (—max(d,0) + max(0,0)) dF(§) = ¢(1) = P(1).

Moreover, since E — Ejy is continuously distributed, we know that ¢ is differentiable (see the
first part of the proof), and

C(H) = 227 ({lo,m) = 0+ 1o H > m}).
= (1~ F(~log 1),

= ¢'(H).

Hence, the function ¢ is such that ¢(1) = ¢(1), and ¢'(H) = ¢'(H) for every H > 0. It
follows that ¢ = ¢.

We can therefore generate the function ¢ with the probability measure v, which is defined
as follows: v puts weight o on {(—00,0)} (and no weight on {—o0} x ([—o00,00) \ {0})); v
puts weight 1 —a—f on (0, —oo) (and no weight on ([—o00,00) \ {0}) x {—00}); the remaining
weight is put on R?; The probability measure conditional on being in R? is given by ©. This
does give rise to ¢, since the expected utility derived from this choice process is

alog H + Bo(H) +0 = ¢(H).
We now construct a measure p that gives rise to W. Let a = limg_,o @U’(P). Define
U(P) = (D) —alogd — (1), Vo> 0.

Note that ¥(1) = 0. Moreover, G(®) = ®¥’(®) is continuous, non-decreasing, and goes to 0
as ® goes to zero. Hence, G is the cumulative distribution function of a o-finite measure p
over R, ..

Let v: 2 € Ry — —logz € R. Let A = 7,(p) be the push-forward measure of p, i.e.,
A(B) = p(yY(B)) for every Borel set B. Note that, for every d € R,

A([8,50)) = p (771(18.00))) = p ((0,¢7%]) = G(e") < o

It follows that A is o-finite. Moreover, by continuity of G, we also have that A({6}) = 0 for

26



every ¢ € R.
We now use \ to construct u, a measure over R?. Let

X :6 € R+ (—max(0,6),5 — max(0,4)) € R*.

X is continuous, hence, measurable. Let p be the push-forward measure of \: u = x.(A).
Note that, for every X € R,

i ({(mo,n) €R*: n+ X =n}) =A({-X}) =0,

so the atomless part of Assumption ii-(b) holds for the measure p.
We also argue that p is o-finite. To see this, consider the following sequence of sets:
B"™ = (—n, 00)? for every n > 1. Clearly, U1 B = R2. Moreover, for every n > 1,

x '(B")={6eR: (—max(0,6),5 — max(0,0)) € (—n,0)*},
={deR: —max(0,6) > —n and § — max(0,6) > —n},
={0eR;: =6>-nand0>-n}U{6€R_: 0> —nandd > —n},
=[0,n) U (—n,0] = (—n,n) C [—n, c0).
Hence, u(B") < A([—n,00)) < oo, and p is o-finite.

We can now use the change-of-variables formula to prove that (g9, &) — max(eg, log ®+¢)
is p-integrable for every ¢ > 0:

/ | max(gg, log @ + ¢)|dp = / leo + max(0,log ® + € — )| dp,
R2 R?

_ /R 1X1(8) + max (0, log ® + x2(8) — x1(8))| dA(S),

_ / I~ max(0, 8) + max (0, log  + 8)| dA(6),
R

= 1(D).
If & > 1, then
0 )
(@) = / [log  + 8|dA(5) +/ [ log B|dA(5),
—log @ 0
< 2(log @) ([— log ®, 00)) < o0.
If & <1, then

1(@):/0 b \5ydx(5)+/oo [ log ®|dA(S),

—log @

< |log @|A ([0, 0)) < 0.
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Hence, (g9,e) — max(eg,log® + ¢) is p-integrable for every H > 0. Moreover, by the
change-of-variables formula,

((®) = [ max(gg,log® +e)du = /R (—max(0, ) + max (0,log ® + §)) dA(9).

]RQ

In particular, {(1) = 0. Moreover, as shown in the first part of the proof, { is differentiable,
and

(@) = éu ({(c0,6) €R*: e +1log® > &0}),
éz\({éER: 5+1og® > 0}),
= SG(®)
— (@)

It follows that ( = .
We can then extend the measure p to [—00, 00)? by adding the mass points p({(—00,0)}) =
a and p({(¥(1),—oc0)}) = 1. Clearly, the extended p continues to satisfy Assumptlon ii-(b).

It is then immediate that, for every ® > 0,

/ 2max (1o, n + log @) du(no,n) = alog® + ¥(1) + ((P),
[—00,00)

= alog® + V(1) + U(P),
= ().

Hence, p gives rise to W. O

Proposition IX implies that a demand system that can be derived from multi-stage dis-
crete/continuous choice is fully characterized by the tuple (\IJ, (®Yiec, (h))je N), where the
U, ¢ and h functions satisfy conditions (a), (b), and (c) in the statement of the proposition.
This class of demand systems generalizes the one defined in Section I along two dimensions.
First, the nest partition £ and the profile of functions (®!),c, allow us to obtain substitu-
tion patterns between products that go beyond those implied by the ITA property. Second,
the function ¥ permits arbitrary substitution patterns between the products in N and the
outside option. In the following, we identify the discrete/continuous choice model (N, L, p,
()iec, (hy)jen) with the tuple (U, (®')ez, (h))jen) it induces. Any such tuple should be
understood as satisfying the conditions in the statement of Proposition IX.

Exogenously priced products. Let (\IJ, (D)ier, (hy)je N) be a demand system derivable

from multi-stage discrete/continuous choice. Suppose that the products in nest n° are exo-
genously priced according to (p;)jeno € (0,00], and let ®° = & <Zj€n0 hj(pj)> > 0. Let
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L' = L£\{n"} and N7 = N\ n’. Then, it is straightforward to show that the demand system

Dj(p) = —hi(pi) @™ (Z hj(pj)> v’ (@0 + Z@l (Z hk(ﬁk))) , Vp € Rf\r/jr, Vienel

jeEn lel! kel

can still be derived from multi-stage discrete/continuous choice. In the following, we denote
this demand system by (\If, (DY iecr, (By)jen, <I>0), and we interpret ®° as the value of the
outside option.

Examples. If ¥(®) = log(® + ®°), where ®° > 0 is a parameter, ®'(H') = (H")® for all
l € L, where o € (0,1) is a parameter, and h;(p;) = ajpjl._" for all j € N, where a; > 0 and
o > 1 are parameters, then we obtain the nested CES demand system. If ¥U(®) = log(®+ ®°)
(with ®° > 0), ®'(H') = (H)* for all | € L (a € (0,1)), and h;(p;) = 5 forall j € N
(with a; € R and A > 1), then we obtain the nested MNL demand system.

Heterogeneity. It is clear that this more general discrete/continuous choice process can
still accommodate the kind of ex post consumer heterogeneity described at the end of
Section 1.1, as long as consumers observes their types only after having chosen a product.
As already discussed in that section, if consumers observes their types before deciding which
product to patronize, then the demand system becomes a mixture of equation (xxi), and, in
general, the associated pricing game loses its aggregative properties.

A particular type of ex ante heterogeneity can however be accommodated, where the
h functions take the additively separable form h;(p;,t) = h;(p;) + t;, where t € Rﬁ\rf L s
the consumer’s type. To see this, suppose that each consumer type t’s choice process is
described by the discrete/continuous choice model ((h;(-,t))jen, H°). Note that consumers
are heterogeneous both in terms of conditional demand (—R.(p;)/(hi(p;) + t;)), but also in
70 +£J§/);Z t(ipj) —y ). Suppose also that ¢ is drawn from a finite
measure A with compact support 7. It follows from our analysis in Section 1.1 that overall

terms of choice probabilities (

consumer surplus at price vector p is given by

Vi(p) = /log(HO—i-Zh ;) +t>d)\ (Zh p]>,
T JEN JEN
whereas the total demand for product ¢ is given by

Di(p) = @ +Z;3<z;)(pj) +tjd)\( ) = —B(p))W (Zh p; ) .

JEN

Hence, the demand system we obtain coincides with the one that can be derived from the
multi-stage discrete/continuous choice process (¥, ®, (h;)jen), where U has been defined
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above, and ® is the identity function. Note that, for every & > 0,

o
OV (®) = ——dM\(t
(®) /THOJrCI)thj ®),

which is non-negative, continuous and non-decreasing in ®. Hence, (U, ®, (h;)jcn) does
satisfy conditions (a), (b) and (c) in Proposition IX.

VII.2 Representative Consumer Approach

We now show that the demand system (xxi) can also be derived from the maximization of
the utility function of a representative consumer with quasi-linear preferences:

Proposition X. Let D be the demand system generated by the multi-stage discrete/continuous
choice model (\I/, (D) 1er, (hj)jeN,(I)O). D is quasi-linearly integrable. Moreover, v is an in-
direct subutility function for D if and only if there exists a constant o € R such that

v(p) = a+ U (@0 +) @ (Z hj(pj))> , VpeRY,.

lec jel

Proof. Clearly, V :p € RY, — U (@0 + > e @ (Zjel h; (p])>> is a potential for the vector
field D. By Theorem 1 in Nocke and Schutz (2017b), all we need to do is check that V' is
convex.

For every | € £ and X € R, define U(X) = ¥(exp X) and ®!(X) = log(®'(exp X)). Note

that, by conditions (b) and (c) in Proposition IX, ¥/(X) = eX ¥/(eX) and ®"(X) = %

are both non-negative and non-decreasing. Hence, U and ®' are non-decreasing and convex.
The function V' can be reexpressed as follows:

Vp) = U <log (@O + Z exp (&v)l <1og Z hj(pj)> ) )) .
leL jel

Let | € L. For every j € [, h; is log-convex. It follows that (p;)ja + ;¢ hyi(p;) is
log-convex as well. Hence, (p;);e — P! (log Zjel hj(pj)>, which is the composition of the
non-decreasing and convex function ® and the convex function (pj)jer + logd i hyi(p)),
is convex. It follows that (p;);er — exp P! <log Ejel hj(pj)> is log-convex, and that p —
PO + > ier €XP P! <10g Zjel h; (pj)> is log-convex as well. Hence, V', which is the composition

of the convex and non-decreasing function ¥ and the convex function

p +— log ((I)O + Z exp @' (log Z hj(pj))>

lec jel

60



1S convex. L]

Just like in Section I, any demand system that can be derived from multi-stage dis-
crete/continuous choice can also be derived from quasi-linear utility maximization. Moreo-
ver, the overall consumer surplus function generated under discrete/continuous choice and
the indirect utility function of the associated representative consumer coincide (up to an
additive constant).

VIII Multi-Product Firm Pricing Games and Nested
Demand Systems

VIII.1 Definition of the Pricing Game

A pricing game is a tuple (U, (®')icz, (h))jen, D0, F, (¢;)jen), where (U, (D')cr, (h) jen, ®°)
is a nested demand system, as studied in Section VII, F, the set of firms, is a partition of N/
containing at least two elements, and (¢;)jen € ]Rﬂ\r[ + is the marginal costs vector. Throughout
this section, we maintain the assumption that the nest partition £ is a coarsening of the firm
partition f. This means that a given nest [ can contain products owned by different firms,
but a firm is present in only one nest. In the following, we will often abuse notation, and
write f € [ when firm f’s set of products is contained in nest [.
The profit of firm f € [ € £ is defined as follows: For every p € (0, 0oV,

I (p) = D (0 — ) (=h(p;))®" (ZZ%(}%)) v’ <‘DO +) @" (ZZM(}%))) 7

jgf g€l keg nel gen keg
pj <o

where we continue to use the notation h;(oo) = limy, o0 hj(p;)-
We make the following assumptions:

Assumption iii. (a) For every j € N, h; is a C?, strictly decreasing, and log-convex
function from R, to R, ..

Hl<1>l’(Hl)
®lL(HY)

(b) For everyl € L, ® is a C* function from Ry, to R, .. Moreover, o' : H' s
18 strictly positive, non-decreasing, and bounded above by 1.

(c) U is a C* function from Ry, to R, and ®° > 0. Moreover, ® s ®U'(®) is strictly
positive and non-decreasing.

(d) For everyl e L, " < 0.
(e) U < 0.

(f) For every j € N and p; > 0, Vi(pj) = 0 whenever vj(p;) > 1.
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(g) For every f € F, at least one of the following conditions holds true:

— minjes infpj>2j pj(pj) > maxjer SUPy, >y, 8;(p;).

— ! < pr(x~ 2.78), and for every j € f, iy = pf, limy, oo hi(p;) = 0 and p; is
non-decreasing on (gj, 00).

— There exist a function h! € H*, a collection of quality weights (a;);cs € RLF, and
a marginal cost level ¢/ > 0 such that hj = ajhf and c; = cf forallj € f. In
addition, p’ is non-decreasing on (p,oc).

(h) For everyl e L, ¥ : H % is non-decreasing.

(i) n:P— W is non-decreasing.

Assumptions iii-(a)—(c) mean that the demand system can be derived from multi-stage
discrete/continuous choice, and that demand is smooth and never vanishes. Assumptions iii—
(d) and (e) imply that products are substitutes. (In general, products can be complements un-
der multi-stage discrete/continuous choice due to a one-stop shopping effect: When p; decrea-
ses, more consumers turn down the outside option in stages 1 and 3 of the discrete/continuous
choice process; This can end up boosting the demand for product j, despite the fact that
consumers have incentives to substitute towards product i.) Assumption iii—(f) is the same
as Assumption 1 in the paper. It ensures, among other things, that first-order conditions are
sufficient for global optimality. Assumptions iii—(g)—(i) will play a similar role in the analysis.
Note that Assumption iii—(g) is simply the uniqueness condition stated in Theorem II.

VIII.2 Equilibrium Existence, Uniqueness, and Characterization

Fix a pricing game (U, (®')cz, (h;)jen, ®°, F, (¢;)jen), where (¥, (®')ier, (hj)jen, P°) satis-
fies Assumption iii. In this section, we show that the pricing game has a unique equilibrium.
The approach is similar to the one in Section A of the paper, in that the equilibrium existence
and uniqueness problem can be re-expressed as a nested fixed point problem. An important
difference with the approach in the paper is that the game is no longer fully aggregative, in
the sense that firm f’s profit (f € n) now depends not only on the prices it sets and the
aggregator level & = @0+ 3~ . (IDI(Z].EZ h;(p;j)), but also on the value of the sub-aggregator

H" =3 en hi(pj)-
We start by proving the following technical lemma:
Lemma XV. (a) For everyl € L and j € 1, limy, _,o p;R(p;)®"(h;(p;)) = 0.

(b) For every f € F such that lim, . hj(p;) =0 for every j € f,

- =125 hyi(ri(p!)) -
whont ot Y e vi(ri(ud))
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(c) For everyl € L, H' — H'®Y(H') is strictly increasing.
(d) For everyl € L, limpi_,o H'®"(H') = 0.

(e) For every l € L, limg_,o9'(H') < 1.

(f) For every | € L such that limg_,, ®'(H') = 0,

lim @' (H) =1~ lim 9'(H").

H!—=0 H!—0

(9) n(®) <1 for every ® > 0.
Proof. (a) Let &;(p;) = ®'(hj(p;)). Note that, by Assumptions iii-(a) and (b), & > 0, ¢ <0,

and !
dlog&; _hj(pj) hj(Pj)q)l,<hj(pj))

dp; hi(p;) @ (h;(p;))
is non-decreasing in p;. Hence, §; is strictly positive, strictly decreasing and log-convex. By
Lemma A—(a),

0= p}iinoo p;&i(pj) = p}igloo pil(p;)@" (hy(p;))-

(b) Assume first that i/ < oco. Let f'={j € f: fi; = p/}. Then, for p/ sufficiently high,

=13 ey hy(ri(uh) W =12 e hi(ri(u'))
ph e viri(pf)) ph ey viri(pt))

(Recall that v;(co) = 0 by Lemma A, and, by assumption, hj(co) = 0.) Let € > 0. Recall
that lim, . p;(p;) = ﬂ?—il for every j € f' (Lemma A). Hence, there exists u < i/ such

that, for every j € f/,
ol —1 ol —1
it M
o —e < pi(ri(uh)) <

- +é
il

for every p/ > i Rewriting, this means that

) (215 =) < o) <yt (F ).

for every p/ > p. Adding up, and dividing by >°.. v;(r;(p)), we obtain:

I > iep hi(ri(ph) it
—— —¢< < =
pf—1 diepvi(r(ph)) = pf =1

+ €

. e hi(ri(uf of
for every p/ > . It follows that lim,,;_, ;s %2:2 ngrjng;; = ﬁ?,

-, which proves part (b) when

ﬁf<oo.
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Next, assume instead that i/ = co. By Lemmas VII-IX and Assumptions iii—(f) and (g),

Chees(ud
the function u/ — "fjl it h], (77 (Mf)) is monotone, and therefore has a limit as p/ tends to
H ngf ¥ (r5(nd))

infinity. Moreover, by log-convexity, we have that

@ — 13 hy(ri(uh)) -1 -
W e (i) T pl wisea

(c) This follows immediately from the fact that, by Assumption iii—(b), H'®"(H')/®'(H")
is non-decreasing, and ®!(H') is strictly increasing.

(d) Let £(x) = @ (exp(—=z)) for every z > 0. Since x — e~ is log-convex, part (a) implies
that lim, . £'(x) = 0. Hence,

lim H'®"(H") = lim e ®"(e™™) = — lim ¢(x) = 0.

Hl 0 T—00 T—r 00

(e) Assume for a contradiction that

Hl(_@l//(}[l))
lim ———————= > 1.
oo QU(HD)

(By Assumption iii—(h), the limit exists.) Then, by Assumption iii—(h), %};&?l)) > 1

for every H' > 0. Put differently, -4 (H'®"(H')) < 0. Since ®” > 0, it follows that

#% < 0, which violates Assumption iii—(b).

(f) Note that

(I)l’(Hl)—FHlCI)l"(Hl)

1 — lim 9(HY = 1i

P = g

ﬁ(Hl(Dl/(Hl))

H'—0 d%l(q)“(Hl)) ’
. Hl(I)l/(Hl)

= lim —————,
H!—0 CDZ(HZ)

= lim ¢'(H"),

H!'—0

where the third line follows by L’Hospital’s rule (by assumption, limgi_,o ®'(H') = 0; by part
(c), limp,o H'OY(H') = 0).

(g) By Assumption iii—(i), P¥’'(®P) is non-decreasing. Therefore, ®U”(P) + ¥/ (P) > 0, and
n(®) < 1. O

Asin Section A, it is obvious that each firm sets at least one finite price in any equilibrium:
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Lemma XVI. In any Nash equilibrium (p})jen, for every firm f € F, there exists k € f
such that p;, < oo.

Proof. Straightforward. O

Fixafirm f € n € L. Define H =37, .\ ; hj(p;) and ®¥ = @437, 0 O3 e ()
By Lemma XVI, H° > 0 or ®¥ > 0. Define also

G ((p)jes, H, %) = > (pre — ) (—hiy(pw)) 2™ (Z h;(p;) + HO)

kcf JES
Pr <00

x U’ (@" (Z h;(p;) + HO) + (IDO') . (xxii)

Jjef

Note that G/ ((p;);es, H®, ) is the profit of firm f when it sets price vector (p;);es and its
rivals set price vector (p;);jean(r}- We study the following maximization problem:

max Gf Di)i 7H0,(I>0/ ' -
(pj)je5€(0,00]f (( ])jef ) ( |

We now extend Lemma C:

Lemma XVII. Mazimization problem (xxiii) has a solution. Moreover, if (p;);es solves that
mazximization problem, then p; > c; for all j € f, and pp < 0o for some k € f.

Proof. The fact that the firm does not price below cost at any optimum follows immediately
from Assumptions iii-(d) and (e). Since GY((o0,...,00), H?, ®¥) = 0, setting only infinite
prices cannot be optimal.

To show that the maximization problem has a solution, we now argue that lim,s_,; G'(p/,
H® &) = G/ (p/, H°, ®Y) for every p/ € [1;c/lej, 00]. If the price vector p/ has at least one
finite component, then this follows from Lemma A—(a) and from taking limits term by term.
Suppose now that p/ only has infinite components. If H° > 0, then limits can again be taken
term by term:

lim G/(p/, H®,®°) = lim (Z(pj—cj)(—h;(pj))) x " (Zplignoohk(pk)-i-l‘fo)

ey ey
p P p P kef

Jjef
X \I// () E Iim h + HO + (130/
< ( pklﬁoo k(pk> ) ) ’

kef

which is indeed equal to zero by Lemma A—(a), and since H° > 0.
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Assume instead that H° = 0.12 Then, ®” > 0. Hence, for every p/ # p/,

G (p",0,%) < (@) x Y pe(=hj,(p))®" (hr(pr)) — 0,
kef piop!

P <00 PR —0

where we have used Lemma XV—(a) and Assumptions iii—(d) and (e).
We can conclude: GY(-, H?, ®”) is continuous over the compact set Hje f[cj, oo]. There-
fore, that function has a maximum. O

The generalized first-order conditions for maximization problem (xxiii) are defined as in
Section A. It is obvious that they are necessary for optimality:

Lemma XVIIL. If (p;)es € (0,00]/ solves mazimization problem (xxiii), then the genera-
lized first-order conditions are satisfied at (p;);ef-

The definition of the common -markup property is the same as in Section A. We now
exploit that property to simplify firm f’s profile of generalized first-order conditions:

Lemma XIX. Suppose that the generalized first-order conditions for maximization pro-
blem (10) hold at price vector (p;);es € (0,00]/. Then, (p;)jey satisfies the common t-markup
property. The corresponding t-markup, i/, solves the following equation on interval (1,00):

Mf - rj - (Zjef hi(ri(ul)) + HO)
(Z (s ) o (Zjef by (ry (1)) + HO)

)+ H0> - ((I)n (Zjef hi(ry(p!)) + HO) + (I)O/)
(@0 (S5ep hylrs(u)) + HO) + )

(xxiv)

JEf

+ o (Zh ri(p

Jje€f

In addition, the value of the objective function at this profile of prices is equal to

(q)n/\I,/)2

f_
U e Cun 1 (—omy v

Proof. Suppose the generalized first-order conditions hold at price vector (p;);cs. Assume
without loss of generality that f = {1,...,n}, and that there exists 1 < K < n such that
pr < oo forevery 1 <k < K, and p, = ooforeveryK+1 <k <n.Forevery k € {1,..., K},
the derivative of firm f’s profit with respect to py, evaluated at (p;);ey, is given by.

= W (=i, — (pk — ex)l) + (Zm - cj><—h;->) B (W7(@")2 + WD)

J=1

oGT
82%

I2Note that this can happen only if firm f owns all the products in nest n.
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\I/// (I)n/ 2 \I}/q)n//
= (=h}) Vo™ (1 —y -G (@) + > :

(\I//q)n/)Q

which must be equal to zero, since the generalized first-order conditions hold at (p;);es-
Hence, there exists pu/ € (1, max;<;<x ji;) such that vg(py) = p/ (or, equivalently, pp =
re(p!)) for every k € {1,..., K}. This p/ is pinned down by

g (I)f/ 2 + \If/q)f”
ph=1- ( (\Ij)/q)f/)z G ((pj)jes H®, @") (xxv)

where U and its derivatives are evaluated at ®” + ®"(H° +
derivatives are evaluated at H° + 3. h;(p;). i

Assume for a contradiction that pu/ < fi; for some i € {K + 1,...,N}. Let G/(z)
be the profit of firm f when it prices product ¢ at x, other products are priced according
to (p;)jer, and other firms’ prices give rise to ®” and H®. We have already shown that
lim, 00 GY (2) = GY ((pj)jes, H®, ®”) (see the proof of Lemma XVII). Moreover,

jef (pj))> and ®" and its

(xxvi)

GT'(x) = (=h})w'e™ (1 —vi(z) — GI(x) (@) + W’(I)n//) 7

(\IJ’CD"’)Z

where U and its derivatives are evaluated at (IDO’—HI)”(HO—FhZ-(x)—i—ZjEf\{Z.} h;(p;)), and ®"™ and
its derivatives are evaluated at H° + h;(z) + 3 iy hi(ps). We know from condition (xxv)
that, as  tends to oo, the term in parentheses in equation (xxvi) goes to

(1 =)= (1—p!)=p' — @ <0.

It follows that G is strictly decreasing for = high enough. Hence, there exists < oo such
that Gf(z) > G/(c0). Tt follows that the generalized first-order conditions do not hold at
(pj)jef, a contradiction.

Hence, if the generalized first-order conditions hold at (p;);es, then there exists u/ €
(1, 2) such that p; = r;(uf) for every j € f, and

f \I’”((I)f/)z + qj/q)f//

f—q1_
p=1-G wom?
\I/”((I)f/)Q—I—\I’,CI)f”
=1- > (pj—¢)(=h) Vah ,
jef
g <p!
! (I)f”
- 1_ f'_
1 (Z%) <q> ; (I)f,),
Jef

This is equivalent to equation (xxiv). The result on the value of the objective function follows
immediately from equation (xxv). O
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We now prove the analogue of Lemma G:
Lemma XX. Fquation (xxiv) has a unique solution on the interval (1,00).

Proof. To see why equation (xxiv) has a solution, recall that maximization problem (xxiii)
has a solution p* by Lemma XVII, that p* satisfies the common ¢-markup property by
Lemma XVIII, and that the corresponding (-markup necessarily solves equation (xxiv) by
Lemma XIX.

To prove uniqueness, note that equation (xxiv) can be rewritten as follows:

W1 ehi  HS V(Y @ (- 0(®)) | HT H(~9"(H"))

p' e HUOoUHT) ® o W(D) H»  ®v(H")
A
= |7 (H") > n(®)+9"(H") | (xxvil)
AN

where the h; and v; functions are evaluated at r;(u/), H" = H/ + HY is the nest-level sub-
aggregator, H/ = Zjef h; if firm f’s contribution to that sub-aggregator, ® = ®% 4 ®" is the
aggregator, and ®" is evaluated at H™. We claim that the left-hand side of equation (xxvii)
is strictly increasing in u/, whereas the right-hand side is strictly decreasing in /. To see

this, note that:

e Term A is strictly increasing in p/, by Lemmas VII-IX and Assumptions iii—(f) and

(2)-

e Term B is non-increasing in x/, since that term is weakly increasing in H/ (and strictly
so if H® > 0), and HY = 37, h;(r;(p)) is strictly decreasing, by Assumptions iii-(a)
and (f) and Lemma E.

e Term C is non-increasing in u/, since ¢" is non-decreasing (Assumption iii-(h)), and,
as mentioned above, H7 is strictly decreasing in p/.

e Term D is non-increasing in u/, since that term is weakly increasing in ®" (and strictly
so if ¥ > 0), which, by Assumption iii~(b), is non-decreasing in H" = H' + H°, which
is strictly decreasing in pu/.

e Term E is non-increasing in u/, since that term is non-decreasing in ® by Assump-
tion iii—(i), and ® = ®" + ®Y is strictly decreasing in /.

e Term F is non-increasing in u/, since that term is non-decreasing in H" by Assump-
tion iii—(h), and H™ is strictly decreasing in u/.

e (Since terms B, C, D, and E are all strictly positive, and terms B and/or D are strictly
decreasing, we do obtain that the right-hand side is strictly decreasing.)
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Hence, equation (xxvii) has a unique solution. O]
This concludes our study of maximization problem (xxiii):

Lemma XXI. Mazimization problem (xxiii) has a unique solution. The generalized first-
order conditions associated with this maximization problem are necessary and sufficient for
global optimality. The optimal price vector (which contains at least one finite component)
satisfies the common t-markup property, and the corresponding t-markup, p/*, is the unique
solution of equation (xxiv). The mazximized value of the objective function is

(CDW\I”)Q

fx_
e Cen e

where W and its derivatives are evaluated at ® + ®"(H® + 3. hy(r; (n'*))), and ®" and
its derivatives are evaluated at H® + 37, h; (r; ().

Proof. This follows immediately from Lemmas XVII-XX. O

We now turn our attention to the equilibrium existence problem. The price vector p is a
Nash equilibrium if and only if, for every n € £ and f € n, (p;);e; maximizes

Gl Z hi(pr), ©° + Z o' (ZZM(M))

ken\{f} leL\{n} Jel kef

By Lemma XXI, this is equivalent to the existence of a profile of r-markups (uf)ser such
that for every n € £ and f € n,

Wl ~0 (e ey hiri()

! Zjef vi(ri(pf)) P (den Zjeg h (Tj(’ug))>

w o) Y (q)o + 2 e ¥ (dez 2 jeq (7 (Mg))>>
o <Z 2l ))> (@4 Vg @ (L ey by (13 (09))) )

This is, in turn, equivalent to the existence of an aggregator level ®, a curvature level @), a
profile of sub-aggregator levels (H');c., and a profile of --markups (/) fer such that

o =0"+) o(H),

lel
B —\I/”((I))
Q - ‘1/’(<I>) )
H' =3 "hi(ri(u)), VieL, (xxviii)
fet jef
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f_1 1 —(IDZ”(HI)
K 1% l .
- ! + o (H )Q7 Vi € ﬁ, and f S [. XXlX)
W ey el)) T eN(HY) (

We adopt a nested fixed-point approach to solve this problem. We first show that, for
every @ > 0 and [ € L, there exists a unique pair ((m/(Q)) e, H(Q)) that jointly solves

equations (xxviii) and (xxix). We then show that the aggregate fitting-in function ®

0+ 37, (Hl (i;j,/(/g))) has a unique fixed point.

Lemma XXII. For everyl € L and f €1, for every X > 0, equation

F—1 1
. 7 =
w2 e (i (ud))

(s0cx)

has a unique solution in p', denoted m’ (X). m’ is continuous and strictly increasing in X .

Proof. Since the left-hand side of equation (xxx) is continuous and strictly increasing in p/,
tends to 0 as p/ tends to 1, and tends to oo as p/ tends to i/ (see Lemma A), whereas
the right-hand side is non-negative, this equation has a unique solution. The continuity and
monotonicity of m/ can then be established by using the same argument as in the proof of
Lemma I. 0

We can now define m/(Q) and H™(Q):
Lemma XXIII. For everyl € L, the equation

Fo (v ()

fet jef

q;l/(Hl)
continuous. Moreover, H'(-) is strictly decreasing, and m/(-) is strictly increasing.

has a unique solution, denoted H'(Q). HYQ) and m/(Q) = m/' <M + CDZ’(HZ)Q> are

Proof. Define the sub-aggregate share function

@)= 1y S5 (o (7 (et (1110 ) )

fel jef

Our goal is to show that the equation Q'(Q, H') = 1 has a unique solution in H'. We first
show that a solution exists. By Lemma XXII, € is continuous.

We first study the behavior of Q' when H' is in the neighborhood of infinity. By
Lemma XV, H!'®'(H') is non-decreasing. Hence, H'®" (H') + ®Y(H') > 0. Therefore,

_q)l//(Hl) i
(I)l’(Hl) H

IN

—>O.
_)



Moreover, by Assumption iii-(b) and (d), ®” is non-increasing and strictly positive. The-
refore, A = limyi_,., ®Y(H!) exists, and is finite and non-negative. By continuity of m/, it
follows that

_q)l// ( Hl)

=
lim m (W

Hl -0

+ cI>“<Hl)Q) =/ (\Q) <

Hence,

! ) _
QYQ, HY H:;OXZZh r; (m! (AQ))) = 0.
Jel jef
We now study the behavior of Q! when H' is in the neighborhood of zero. Assume first
that, for some firm f €1, m/ (% + @“(HZ)Q) does not tend to jif as H' tends to zero.
Then, there exist a sequence (H!),>o and a t-markup p < i/ such that H, — 0 and

n—o0

w (5 (1)

(1) (I)U(HZ)Q) =

for every n. It follows that

> jer hi(ri(p))

OlQ, HY) >

By the same token, if limy, o h;(p;) > 0 for some j € [, then Q(Q, H') is bounded below

by limy, o h;(p;)/H', and therefore tends to +o00 as H' tends to zero.
Finally, assume that lim,, . hj(p;) = 0 for every j € [, and m/ (% + @“(HZ)Q)
— pi/ for every f € I. Note that

H!'—0
Q. H) =3 5 S

Jel JEf
_Hln l
qu/ }IIZJ) + @l/
o Z Hl —®v(HY) +or(H Z hy,
fel ol ( Hl J€f
Syt S
= < mf Z ef’YJ ﬁl(Hl) +qu)l/ Hl

1 me—lzjef
19(Hl)—|—Hl<I>“(Hl Q mi Y e

By Lemma XV, as H' tends to 0, the term tends to limgi_,o 1/9'(H'), which

is strictly greater than 1. Moreover, by Lemma XV, for every firm f, the term %%
jer i

tends to a limit that is greater or equal to 1. It follows that limzi_,o Q/(Q, H') > 1. Therefore,
equation (xxxi) has a solution.

1
19l([{l)+h(l<13,l/(h(l)Q
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We now prove that the solution is unique. We do so by showing that Q'(Q, -) is strictly
decreasing. Let 0 < H' < H”. Put

—q)l”(Hl)
(I)l/(Hl)

_(I)l//(Hl/)

X = @l’(Hl’)

+ ®"(HH)Q and X' = + d"(H"Q.

Suppose first that X < X’. Then,

QHZ lzzh 7aJ )7

fel jef

> ﬁ D> hyilri(mf (X)),

Jel jef

> % > D hlr(mf (X)),

fel jef

— QZ<Q, ]{l/)7

where the third line follows by Lemma XXII.
Assume instead that X > X’. Then,

! N 1 )_1def i (ri(mf (X))
Q@ﬂ”‘wwm4mwm@§: P 3y (A (X))
N 1 Z ( ) =12 5es hyi(ri(m! (X))

Y(HY) + H'OV(HY)Q mI(X) D7 (mf (X))

1 ( )_1Ejef (T](mf(X’)))

19”(15”’) H“‘P“(H”Q mI(X) D07 (md (X))

= Ql(Q’ Hl,)’

where the second line follows by Lemma XV and Assumption iii-(h), and the third line
follows from Lemmas VII-IX and Assumptions iii—(f) and (g).

Hence, QY(Q, ) is strictly decreasing, and equation (xxxi) has a unique solution. The
continuity of the solution H'(Q) can then be established by using the same argument as in

the proof of Lemma I. Since m/(Q) = m/ (% @“(HZ)Q) is the composition of two
continuous functions, that function is continuous as well.

Finally, we derive the monotonicity properties of H'(-) and m/(-). Let 0 < Q < @'. Then,
by monotonicity of m/ for every f, we have that Q'(Q, H') > QY(Q’, H'). Since ¥ is strictly

decreasing in H!, this implies that H'(Q) > H'(Q'). Assume for a contradiction that

—e"(H'(Q)) ~B"(HY(Q)

) PHQ)

+0"(H'(Q))Q > +0"(H'(Q))Q' = X".
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Then,

HY(Q) =) hy (r(mf (X)),

fel jef
<Y hy (i (X))
fet jef
— Hl<QI),
which is a contradiction. Hence, X < X’ and, for every f €[,
m! (Q) = m! (X) <m! (X') =m!(Q"). O
We can finally solve the outer fixed point problem. Define

Q) = é (@0 +3 @ (Hl (‘5(&?))) .

lel

Lemma XXIV. There ezists a unique ®* such that Q(®*) = 1. Moreover, Q) is strictly
decreasing.

Proof. We first show that a solution exists. (2 is continuous. Moreover, m/(-) is bounded
below by 1 for every m € M and f € m. Hence,

1 0
QP) < & <<I> +y @ <ZZhj(rj(1))>) — 0.

leM fel jef

If \* = limgn_,o ®"(H") > 0 for some n € L, or A\; = limy,,_, hj(p;) > 0 for some j € [ € L,
or ® > 0, then Q(®) > A\"/®, or Q(P) > B!(\;)/P, or Q(P) > P°/P for every ® > 0. Hence,
limg_,o Q(®) = co. Assume instead that ®° = 0, limgn_,o ®"(H™) = 0, and limy, o0 hj(p;) =
0 for every n € M and j € N.

We distinguish two cases. Assume first that 7‘1‘11,//(, S)
0. There exist a sequence (é")nZO and an upper bound M > 0 such that d" — 0 and

n—o0

does not go to infinity as ¢ goes to

g CB”
wr(Pn)

Hence, by monotonicity of H!(-), H(Q") > H'(M), for every | € L. Therefore,

Hence, Q(®) > 1 for some ¢ > 0.

Next, assume instead that _\I‘JI’,,(,S)

does go to infinity as ® goes to 0. Then, there exists
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a strictly decreasing sequence (®"),>¢ such that (Q"),>¢ = (%g?) is non-decreasing,
= = n>0
and Q" — oo. The monotonicity properties derived in Lemma XXIII imply that, for every
n— oo

[ € Land f €[, the sequences (H Z(Q”))n>0 and (m/ (Q”)) are respectively non-increasing

and non-decreasing. Those sequences therefore have limits. It is then straightforward to use

equations (xxviii) and (xxix) to show that lim, ., H(Q") = 0 and lim,, ., m/ (Q") = /.
Note that

Hl Qn

lEE

_ Qn 1 l n 17 ! n
@) Z A @),

_Q 1 o) )
_n@")zwl(Hl(Q”) (H(QM) DD hylry(m! (@),

leL fel jef

_ 1 1 l l n n r n
= @ & ) & T @ %h S @),
B ! HQY) = 1 Sy halrs (@)
‘n<@n>§¢l<ﬂl<@n»§< QY Sy (@)

S (@)
2l Q) gy )

1 1 m/(Qm) — 1 Z]ef i (r;(m/(Q™))) gl n
‘n@n);wﬂl(@n))(@ @) e m(@ >>>> e ”)’
1 mf(Q”)—1Zjefhj(7"j(mf<@n))) ol o

Zwl(Hl(@n»((Z i (@) Zjefvxrj(mf(czn)))) e ”)’

lec fel

v

where we have used equation (xxix) to obtain the fifth line, and Lemma XV to obtain the
last line. Since m/(Q") — i/ and H(Q") — 0 for every [ and f, we can use Lemma XV
n—oo n—oo

to conclude that the expression in the last line has a limit as n tends to infinity, and that
this limit is bounded below by

(2 e 1) — Timyg o 0M(H)
Z limpi o ' (H') ’

leL

which, by Lemma XV—(f), and since there are at least two firms in the industry, is strictly
greater than 1. It follows that the equation Q(®) = ® has a solution.
To prove uniqueness, we show that ) is strictly decreasing. Let & > & > 0. Put
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Q=" and @ = L&) If Q' > (Q, then

(@) T (@)

o) = (@0 5 @l(H’(@))) ,

lel

1 0 l l
5(@ + ) ®H(H( Q>>>,

lel

zi<<1>°+2<1> HZQ))>,

lel

where we have used the monotonicity of H'(-) to obtain the third line. If instead Q' < @,
then, H'(Q) < HY(Q"), and m/(Q) > m/(Q'). Tt follows that

¥ L m! (Q) =12 jep hi(rs(m (@)Y
Q@)_q’+”<‘1’>z¢’<ﬂ‘<@>><(z mI(Q) Zjefwj(mf(@)))) “H@”)’

lec fel

® ! Q) — 1 e byl @MY
g P! " n(®’) Z P HY Q) ((Z mf(Q") ( (Q/)))) P (H(Q ))> )

leL fel def Vi (rj(mf

- Q(Q,)7

where we have used the monotonicity properties of ¢!, ¥, n (Assumptions iii—(b), (h) and

by (s (!
(i), and pf “If;l %JEJ;:JETJEZ;; (Lemmas VII-IX and Assumptions iii—(f) and (g)) to obtain
jer VilTrs

the second line. (Recall that the term in the sum over [ is proportional to the contribution

of nest [ to the industry aggregator, and is therefore strictly positive.) Hence, €2 is strictly
decreasing. O

We can conclude:

Theorem III. Let (U, (D')cr, (h))jen, PO, F, (¢;)jen) be a pricing game satisfying Assump-
tion 1. The pricing game has a unique equilibrium. The equilibrium aggregator level ®* is
the unique fixed point of the aggregate fitting-in function. In equilibrium, firm f € n sets a

t-markup of pu/* = m/ %ﬁ?), and earns a profit of

(CI)”/\I//)Q

fx
@ e s e

where the function ¥ and its derivatives are evaluated at
—\I’//((I)*)
0 l
v o (S5 (0 (w (),
leL g€l jeg
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and the function ®™ and its derivatives are evaluated at

2o ()

geEN jEQg
The equilibrium price of product j € f isr; (mf (%))

VIII.3 Discussion

Examples. Examples of functional forms satisfying Assumptions iii—(a), (f) and (g) were
already given in Section VI.2. Examples of ®' functions satisfying Assumptions iii—(b),
(d) and (h) include ®'(H') = B(H® + HY)*, where 3 > 0, H® > 0 and a € (0,1] are
parameters. Examples of U functions satisfying Assumptions iii—(c), (e), and (i) include
U(P) = Blog(® + @°) and ¥(P) = B(P + &), where 8 > 0, ®* > 0 and a € (0,1) are
parameters.

Note that nested CES (h;(p;) = a;pi 7, ®(H') = Y(HY*, U(P) = log(® + @°)) and
MNL (hi(p;) = exp((a; — pi)/N), ®H(HY) = BYHY®, U(®) = log(P + ®°)) demands satisfy
Assumption iii. Hence, a pricing game with nested CES or MNL demands has a unique
equilibrium, provided that the firm partition is a filtration of the nest partition.

On comparative statics and the monotonicity of fitting-in functions. As in the
paper, we can study the impact of entry or a unilateral trade liberalization by performing
comparative statics on the parameter ®°. Suppose that ®° increases to ®” > ®°. Then, the
aggregate share function €2(+), defined in Section VIIL.2; shifts upward. Since that function is
strictly decreasing, it follows that the equilibrium aggregator level ®* increases to ®* > ®*.
Hence, it is still the case that consumers benefit from entry and trade liberalization. (Recall
from Section VII that consumer surplus is given by ¥(®).)

We now use the fitting-in function m/ to study the impact of an increase in ®° on firm
f’s equilibrium behavior. We have shown in Lemma XXIII that m/ is a strictly increasing
function of Q(®) = —¥”(®)/V'(®). Hence, firm f reacts to the increase in ®° by lowering
its t-markup, reducing the prices of its products (recall that r; is increasing in p/ for every
7), and broadening its scope if and only if Q(®*) > Q(®*). If U is the logarithm (as in
the paper) or a power function, then the function Q(-) is strictly decreasing on R, ., and
all the firms therefore respond to entry and trade liberalization by lowering their prices and
t-markups and by introducing new products.

It is however easy to construct a function W that satisfies Assumptions iii—(c), (e), and
(i), such that the associated function Q(-) is not globally decreasing. An example of such a
function is ¥(®) = arsinh(®). Note that @' (®) = &/+/1 + 2 is strictly positive and strictly
increasing, and —®U"(®) /¥’ (P) = &?/(1+ P?) is non-decreasing, so Assumptions iii—(c), (e),
and (i) do hold. However, —0"(®)/¥'(®) = ®/(1 + ®?) is strictly increasing on (0, 1), and
strictly decreasing on (1,00). With such a function ¥, the fitting-in function m/ is therefore
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hump-shaped in ® for every firm f. Trade liberalization and entry can therefore have a
non-monotonic impact on prices, (-markups, and the set of active products.

More generally, it is straightforward to show, by integrating a second-order differential
equation, that the C? function ¥ : R, , — R satisfies Assumptions iii-(c), (e), and (i) if
and only if there exist a continuous and non-decreasing function 1 : Ry, — (0, 1] and two
constants of integration («, 5) € Ry, x R such that

o) =a ["ow (- [ M) a5

The associated function @ is then given by Q(z) = n(z)/x. Hence, @ is locally strictly
increasing if and only if the elasticity of  (locally) strictly exceeds unity.'3

Finally, we discuss the impact of an increase in ®° on equilibrium profits. The analysis
is more involved than in the paper, because a firm’s equilibrium profit is no longer equal
to its (-markup minus 1. Assume that Q(®*) > Q(®*). Let f € | € L. Recall from
Section VIIL2 that firm f’s profit can be written as G¥((p;);er, H% Y°), where H® denotes
the contribution of firm f’s rivals within nest n to the nest-level sub-aggregator H", and T°
is the contribution of firm f’s rivals outside nest n (including the outside option ®°) to the
industry-level aggregator ®. Since products are substitutes, G/ is strictly decreasing in H°
and Y% Moreover, since Q(®*) > Q(®*), all the firms respond to the increase in ®° by
lowering their -markups. It follows that the equilibrium values of H° and T° go up as the
value of the outside option ® increases to ®”. A standard revealed profitability argument
allows us to conclude that firm f’s equilibrium profit decreases.

If instead Q(P*) < Q(P*), then firm f may end up benefiting from the fact that, after
®° increases, its rivals in nest n set higher prices. This countervailing effect may end up
offsetting the direct negative effect on firm f’s profit of the increase in ®°. If n = {f}, i.e.,
if firm f is the only firm present in nest n, then this countervailing effect does not exist, and
firm f unambiguously suffers from the increase in ®°. We provide a formal argument below.

We summarize these insights in a proposition:

Proposition XI. Let (U, (®')cr, (h;)jen, ®°, F, (¢;)jen) be a pricing game satisfying As-
sumption ii. An increase in ®°

e raises equilibrium consumer surplus,

e induces firms to lower their .-markups and prices, and expand the set of active products
if the equilibrium @ decreases,

e induces firms to increase their .-markups and prices, and prune the set of active products
if the equilibrium @ increases,

13Note that Q cannot be globally increasing, as this would imply that 7 would eventually leave the interval

(0,1]).
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e lowers firm f’s equilibrium profit if the equilibrium @) decreases, or if firm f has no
rival in its nest.

Proof. All that is left to do is show that, if firm f has no rival in its nest and Q(®*) < Q(P*),
then firm f’s equilibrium profit decreases as ®° increases. Let

7 (ul) = 3 () — ex) (i (ra(a?)) " (Zh Tk )

ke f jef
= 1! Y lre(?)) @™ (Z hy(r; wf»)
kef JEf

be firm f’s profit (up to a multiplicative constant) under monopolistic competition when it
sets the t-markup p/. Let pf € [1, uf) such that i/ # ji; for every j € f. Let f’ be the set
of j’s in f such that ji; > p/. Then,

dlogIlfme 1 > i r;(uf)fy}(rj(,uf)) o <Z]efh (W(#U))

_ 1 IV ()
o W) e (5, ) 2
_ 1 Zjef"”( )”V (rj('“f»_ n (r(uf Zjef'r;‘(ﬂf)hﬂrj(ﬂf))
BN SPET X T R (;’“( i ”) S )

Z]ef/ ¥i(ri(pf)) et Zjefh (ri(pf))

_ Zyep DR (o (| Zaer 600D) pf —1
— Z]Ef’ fy](r](luf ) J(ﬁ (JXE; h](T’](ﬂ/ )) Zjefh/ (’f’](,uf)) [Lf 5

>0

- o (Mf i (Z hj(Tj<Mf))> 2jer ’Vj('rj(uf))> ,
)

where the third line follows by Lemma E. If 9" (Z]efh (73(1))) = 0, then, by Assump-

B
p' e (1, @7) \ {fii}ies, and I/ is strictly decreasing on [p/™¢ @/) = [1, 7). If instead

v (Zaef h; (7‘](1») > (, then, for every ,uf > 1,

tion iii—(i), V" (Z]ef h; (r](,uf))> = 0 for every p/ > 1. Hence, %ngfﬁm(Mf) < 0 for every

OlogIlfme 3 e,y (1h) (=15 (ry (1)) pf — 1
oul > jep Vi(ri(pl)) p!

,Uf ZJE ’YJ
X(Mf—lzg; s (Zh ri(p )—1),

Jjef

Using Assumption iii and the argument in the proof of Lemma XX allows us to conclude
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that there exists a unique p/ € (1, i) such that

qu Z]Gf’yj . o
W1, h ( (Zh i )—1'

Jjef

"
Denote this p/ by p/™¢. Then, by monotonicity of u7f1 %j;f VJETjEZf;;W <Zj€f hj(rj(,uf))>,

1/ is strictly increasing on [1, u/™¢], and strictly decreasing on [u/™¢, jif).
Next, we argue that m/(Q) > /™ for every Q > 0. To see this, note that m/(Q) is the
unique solution of equation

f_lzje hﬂ( nt
W zj!}w (Zh n ) (Zh e )Cb (Zh e ) |

Jjef Jjef jef

where we have combined equations (xxviii) and (xxix). Moreover, by Lemma XXIII, m/ is
strictly increasing. Hence, m/(0) = limg_om/(Q) exists, and limg_,o m/(Q) < m/(Q) for
every Q. Moreover, m/(0) satisfies

#f_lzjefhj( .
ph e ( (Zh it )

Jjef

Hence, m/(0) = pu/me.

Let 7/* and p/” (resp. 7/* and p/™) be firm f’s equilibrium profit and -markup when
the value of the outside option is ®° (resp. ®%). Since Q(®*) < Q(®*), we have that
! > pf* > plfme. Therefore,

_ Hf,mc( f*)\lj’((l)*)7
> T ()W (@),
> TV (a0 (@),

_—

where the third line follows from the fact that I1/™¢ is strictly decreasing on (/¢ i/). O

IX Additive Aggregation and Demand Systems

IX.1 Characterization Result

We have shown in the paper that the demand system (i) gives rise to aggregative pricing
games with additive aggregation. A natural question is whether this property extends to a
wider class of demand systems.

For the purpose of this section, it is useful to provide a precise definition of aggregative
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games and demand systems. We say that the C2 mapping D : R{Y L RV is a quasi-linear
demand system if D satisfies Slutsky symmetry (0D;/0p; = 0D;/0p; for every i,j) and
dD;/0p; # 0 for every i # j.'* Let G = (Z, (Ai)iez, (7:)icz) be a normal-form game. Suppose
that each action space A; is a cartesian product of intervals. We say that the game G is
aggregative with additive and smooth aggregation if there exist collections of C? functions
(¥5)jer and (¢;)jer such that for every a = (a;)jer € [[;ez A; and i € Z,

mi(a) = ¢ <@¢>Z¢j(%)> :

The following proposition provides a complete characterization of the class of demand
systems that give rise to aggregative pricing games:

Proposition XII. Let D be a quasi-linear demand system. Suppose that the set of products
N contains at least three elements. The following assertions are equivalent:

(i) Any multiproduct-firm pricing game based on D is aggregative with smooth and additive
aggregation.

(ii) There exist C* functions U, (g;)ien, and (h;)ienr such that

Di(p) = —gi(pi) — (Z h;(p; > , YieN, Vp>>0. (xxxii)
JEN

Moreover, consumer surplus is given by:
Vip) =) gilp)+7 (Z hj(Pj)) :
JEN JEN

Proof. 1t is obvious that (ii) implies (i). Assume that (i) holds, and consider the pricing game
with firm partition {{i}};car and zero marginal cost. Since (i) holds, there exist C* functions
éi(pi, H) and h;(p;) for every i such that, for every i € N, the profit of firm {i} is given by:

H{l} (pzazh bj > Di 2(p)

jeN

It follows that

( = _¢z (puzh Dy ) = fz (]%,Zhj(pj)> , Vi.

JEN JEN

14Recall that Slutsky symmetry is necessary for quasi-linear integrability.
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Since 0D;/0p;(p) # 0, it follows that h(p;) # 0 for every p;, and 0f;(p;, H)/OH # 0 for
every p; and H.
By Slutsky symmetry, for every ¢ # j,

h/ afz( )_8Di_@Dj o /%(
TOH a Gpj N (9pz- B 18]—]

p;, H). (xxxiii)

Next, we differentiate the Slutsky condition with respect to py, k # i, j:

1 s = W
Since hj, # 0, it follows that , ,
h g Hf; h; g [_‘[f; : (xxxiv)
Next, differentiate the Slutsky condition with respect to p;:
w LS +h’h/82f2 _ b +h’282f”

iopoH " igE? T Vol T om?

Therefore, using equation (xxxiv),

2 £ )
w Ik
iop0H i OH

Next, we use equation (xxxiii) to eliminate df;/0OH and h}. This yields:

6?7 g}{@wH) _ h_ﬁ'
Se(pi, H) I

The above condition must hold for every (p;, H) in the domain of f;. Note that it depends
only on p; and H (and not on p; for j # 7). Integrating this partial differential equation, we
obtain:

afi

ol ~ (i, H) = h;<pi))‘i<H)>

where \;(H) is a constant of integration. Integrating once more, we obtain:
filpi, H) = hi(pi) Ai(H) + g;(ps),

where A; is an anti-derivative of \;, and ¢} is a constant of integration. Therefore,

D;(p) = hi(pi)A (Zh pj>+glpz) Vi.

jeEN
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Next, we use Slutsky symmetry one more time:

RN (H ) = hil ;NS (H).
Therefore, A; and A; differ by an additive constant, which we can safely ignore (or, rather,
incorporate in the g functions). It follows that (ii) holds. O

Proposition XII generalizes Anderson, Erkal, and Piccinin (2013)’s Propositions 4 and
5. Note that the demand system (xxxii) can be viewed as the sum of a monopoly com-
ponent (—g;(p;)) and an IIA component (—h;(p:)¥'(3_; h;(p;))). If the monopoly compo-
nent is equal to zero for every product, then the demand system boils down to D;(p) =
—hi(pi)¥'(3_; hj(p;)), which is a special case (without nests) of the class of demand systems
introduced in Section VII and analyzed in Section VIIL.!®> A special case where the monopoly
component is not equal to zero is linear demand (in that case, hj, g; and U’ are all affine
functions).

In the baseline model studied in the paper, the aggregator H(p) = >\ h;(p;) is a
sufficient statistic for consumer surplus. This property also holds true for the more general
demand system (xxxii) if and only if g, = 0 for every ¢, i.e., if and only if the demand system
has the ITA property. If the demand system does not have the ITA property, then consumer
surplus is given by V(p) = G(p)+¥(H (p)), where G(p) = >_ 5 9j(p;), i.e., consumer surplus
depends on the additively separable aggregators H(p) and G(p).

Whether or not the monopoly component is equal to zero, it is easy to show that any pri-
cing game based on the demand system (xxxii) satisfies a generalized version of the common-¢
markup property. We do so in the next subsection.

IX.2 The Generalized Common (-Markup Property

Fix a pricing game based on the demand system (xxxii). Let f € F and i € f. Then,

onf
Op;

= IV — g = (ps = ) (W] V' + ) =Y (p; — ;) Wm0

Jef

Therefore, at any optimum,

pi — Ci 9i(pi) + (i —ci)g!(pi) . V'(H) )
o Li(pi) — 1 (o) V' (H) =1+ V'(H) ;(pj —¢;)h;(pi) -

=uf

Note that the left-hand side of the above condition only depends on p; and H, whereas the
right-hand side, which we call u/, is independent of the identity of product i. Therefore,

15Recall that nests are handled in Section VIII are handled by making use of sub-aggregators, i.e., by
giving up on fully additive aggregation.
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for a given aggregator level H, firm f’s optimal strategy can still be summarized by the
uni-dimensional sufficient statistic ;f. Note that the corresponding pricing function r; now
depends on H and i/, as in our analysis of quantity competition in Section XI.

Moreover, r; is independent of H for every product 7 if and only if g/ = 0. The following
assertions are therefore equivalent:

(i) For every firm partition F, the demand system D gives rise to an aggregative pricing
game with additive aggregation. Moreover, for any such pricing game, for every product
i, the pricing function r; depends only on p/.

(ii) D satisfies the ITA property.

(iii) D can be written as

Dy(p) = —hi(pi) V' (Z hj(Pj)> :

JEN

As mentioned above, pricing games based on demand systems that have the ITA property
are studied in depth in Section VIII.

X General Equilibrium

In this section, we relax the assumption of quasi-linear preferences, and develop a general
equilibrium extension of our framework. As in Neary (2003, 2016)’s treatment of general
oligopolistic equilibrium, we study a model with a continuum of sectors and a finite number of
firms in each sector. The representative consumer’s preferences are represented by an indirect
utility function that is additively separable across sectors, as in Bertoletti and Etro (2017).
The assumption of indirect additive separability implies that demand in a sector depends on
prices in other sectors only through the marginal utility of income, which atomistic firms take
as given. This property allows us to use the results derived in Section VIII to characterize
the set of equilibria of our general oligopolistic equilibrium model.

X.1 The Demand System

There is a continuum of sectors, indexed by z € Z, where Z = Uszl T* is a finite and disjoint
union of compact intervals. For every k € {1,..., K} and 2z € Z%, the set of products in sector
z is a finite set N'* containing at least two elements. For every 1 < k < K and z € Z¥, the
price of product j € N'* in sector z is denoted by p;(z) > 0. The representative consumer’s
indirect utility at price profile p and income level y > 0 is given by:

V(p,y):g/ﬂ\lf Zhj<pj(2),z),z dz,

JENE Y
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where:

(a) For every k € {1,...,K} and j € N'*, h; is a C? function from R, x Z" to R, such
that, for every z € Z%, h;(-, z) is strictly decreasing and log-convex.

(b) W is a C? function from R, x Z to R such that, for every z € Z, H — HO,V(H, 2) is
strictly positive and non-decreasing.

Assumptions (a) and (b) are the counterparts of conditions (a) and (c¢) in Proposition IX.
Moreover, we restrict attention to price vectors p such that, for every k € {1,..., K} and
j € N¥, 2 € TF v p;(2) is continuous.'” This restriction, together with the smoothness
assumptions imposed above, ensures that all the integrals in this section are well defined.

Properties of V. We now check that V' has the properties of an indirect utility function.
V' is clearly homogeneous of degree 0 in price and income, decreasing in prices and increasing
in income. We also need to check that V' is quasi-convex in (p,y). We first argue that it is
enough to check that V' (p, 1) is quasi-convex in p. To see this, suppose that V(p, 1) is indeed
quasi-convex, and let (p,y), (p/,v'), and A € (0,1). Note that

/ AN /\p+ 1_>\p
Vap+Q=Np, o+ (1 )\)y)—V(/\%L X 1)
Ay p 1-Ny 7 >
_V -+ _7]- )
(Ay+(1—k) vy M+ 1 =Ayy

< max (V <§,1) ,V (% 1)) ;
=max(V (p,v),V (¥,v)).

Hence, quasi-convexity of V (-, 1) implies quasi-convexity of V().
By Proposition X, for every k € {1,...,K} and z € Z*, the function p € ]R++ —

v (Z jenr Pi(pj, 2), z) is convex. It follows that V'(,1) is convex, hence, quasi-convex.

The demand system. Applying Roy’s identity, we find the demand for product i € N*

in sector z € Z*:
Di(p,y) = O ( >81 (ZjGN’“ h (pjf»SZ)’ ) ’Z>
O S o S 2 o, (5.9 08 (S (05) 0

16In this section, we denote by 0;f the derivative of the function f with respect to the ith argument, and
by 8%- f the cross-partial derivative of the function f with respect to the ith and jth arguments.
"The equilibrium price profile characterized in Section X.3 satisfies this property.
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Thus, demand is equal to the reciprocal of an economy-wide aggregate
K

Z/z"elk/ Z # <_alhj (Y#’Z,)) v Z h; (pj;z’)’z,) 2 a,

k=1 JENF JENH

which atomistic firms cannot affect, times demand under quasi-linear preferences

— Ok (%ﬁ AADYN <pj(z>,z) 2

JENK y

Special cases. Suppose that, for every H and z, V(H,z2) = «a(z)log H, where a(-) is a
strictly positive and smooth function, and that, for every j and z, h;(p;,2) = aj(z)pjl-"’,
where o > 1, and a;(-) is a strictly positive and smooth function. Then, the demand system
boils down to:

Dilp.y) = 7 2) WP e K s e T i e N,

vz 22" Y0 e pe a(2)p5(2)

This demand system, which can be derived from the maximization of a direct utility function
with a Cobb-Douglas upper tier and a CES lower tier, is used in Hottman, Redding, and
Weinstein (2016).

Another special case arises when, for every H and z, U(H, 2) = a(z)H?, where 3 € (0,1),
and «(-) is a strictly positive and smooth function, and, for every j and z, h;(p;,z) =
aj(z)pjl-"’, where o > 1, and a;(-) is a strictly positive and smooth function. In that case,
the demand system boils down to:

B—1
o(2)ai()pi(2)77 (Zjens 4i(2)ps(2)'
Di(p,y) = Y ( N b )

- vy, (I<k<K zeT' ieN")
St ez () (S jenwr a()ps(2)1 ) de!

This demand system, which can be derived from the maximization of a direct utility function
with CES upper and lower tiers, is used in Atkeson and Burstein (2008) and Edmond,
Midrigan, and Xu (2015).

X.2 Multiproduct-Firm Oligopoly Pricing in General Equilibrium

The demand side was already defined in Section X.1. We now describe the supply side, and
define the equilibrium concept. For every k € {1,..., K}, the set N'* is partitioned into a set
F* containing at least two elements. For every z € Z¥, the set of firms present in sector z is
indexed by F(z) = F*. We assume that each firm is present in only one sector. As in Neary
(2003, 2016), this ensures that a firm is big in its own sector (in the sense that it internalizes
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the impact of its prices on the sector’s aggregator), but small in the economy (in the sense
that it does not internalize the impact of its prices on the marginal utility of income).
There is a fixed labor supply, L > 0. The marginal cost of product j € N* (k €
{1,...,K}) is wec;(2), where w is the economy-wide wage rate, and ¢;(z) is product j’s
labor requirement. The representative consumer owns all the firms in the economy. In the
following, we normalize total income y to 1.
The profit of firm f operating in sector z € Z* is given by:

) 1
" ST (S jene i) (=0uh; (03(2), ) ) 0 (S jene By (ps(1), 21, 2"

I/

X Y (pi = wei(2)) (=0hi (i(2), 2)) W | Y hy(py(2),2) 52

icf JENF

Thus, firm f’s profit is equal to the reciprocal of the marginal utility of income, which firm
f cannot affect, times firm f’s profit in the pricing game with nested demand

T(va) = (\IJ(’ Z), (I)m’ (hj(" Z))jEN’ﬁO»]:k» (wCJ'(z))je/\/k) )

where the nest partition is M = {N*}, and ®™ is the identity function. (The notation for
pricing games with nested demand was introduced in Section VIII.1.)

An equilibrium is a profile of prices p* and a wage rate w* such that: Given the wage rate
w*, for every k € {1,...,K} and z € T%, (p}(2))jen+ is an equilibrium of the pricing game
T (z,w); The labor market clears.

We make the following assumptions:

Assumption iv. (a) For every k € {1,...,K} and j € N*, h; is a C® function from
Ry, x ZF to Ry such that, for every z € IF, h;(-, z) is strictly decreasing and log-
convex.

(b) W is a C® function from R, X T to R such that, for every z € T, H — HO,\V(H, z) is
strictly positive and non-decreasing.

(c) For every k € {1,...,K} and j € N*, ¢;(-) is continuous.

(d) For every k € {1,...,K}, z € IF, j € N*, and p; > 0, d11;(p;,z) > 0 whenever
ti(pj, z) > 1, where 1;(-, 2) is the absolute value of the elasticity of —01h;(-, z).

(e) For every k € {1,...,K}, z € I%, f € F*, and i,j € f, fi(z) = i;(2) = i/ (2), where
fu(z) = limy, o0 u(pr, 2).

(f) For everyk € {1,...,K}, 2 € I¥, and f € F*, at least one of the following conditions
holds:
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— maXjey SUij>Bj(z) 0;(p;,z) > minjey infpj>gj(z) pi(pj, 2),

— @/ (2) < w*. Moreover, for every j € f, pj(-, 2) is non-decreasing on (Qj(z),oo),
and limy,, o hj(p;, 2) = 0,

— There exists a function h/ € H', a labor requirement level ¢/, and a profile of
quality shifters (a;);e; € RL, . such that h;(-,z) = a;h! and ¢;(z) = ¢! for every
j € f. Moreover, p/ is non-decreasing on (1_9f, 00),

where, for everyj € f, Qj(z) =inf{p; > 0: 1;(p;,2) > 1}, v (-, 2) = (O1hy (-, 2))? /0% (-
pi(-, 2) = hi(-,2) /v (-, 2), 0;(-,2) = O1h;(-,2)/01,(+, 2), and the threshold y* was defi-
ned in Section V.2.3.

(g9) For every z € Z, 03,9(-,2) < 0.
(h) For every z € Z, H — H(—0%Y(H,2))/01V(H, z) is non-decreasing.

As shown in the previous section, Assumptions iv—(a) and (b) guarantee that V' has the
properties of an indirect utility function. Assumptions iv—(d) and (f) are the counterparts of
Assumptions iii—(f) and (g). Assumptions iv—(g) and (h) are the counterparts of Assumpti-
ons iii-(e) and (i). Assumptions iv—(c) and (e) will allow us to establish the joint continuity
of equilibrium prices in the sector index 2z and the wage rate w.

X.3 Equilibrium analysis

Behavior of equilibrium prices as a function of (z,w). We start by studying equi-
librium prices as a function of the sector index z € Z¥ and the wage rate w. Note that,
given the wage rate w, the pricing game in sector z satisfies Assumption iii. (The nest
partition is simply M* = {N*}. The nest function ®™ is the identity function.) Hence,
by Theorem III, there exists a unique equilibrium price vector (p;(z,w));ean and a unique
equilibrium aggregator level H (z,w) in sector z.

We now argue that (p;(-,-))jen+ and H(-,-) are both continuous. Let f € F*, j € f, and
p' € (1,77 (2)). Applying the implicit function theorem to the equation

pj — we;(2)
Dy

L](pj7 Z) - :ufa

we obtain that the pricing function rj(,uf, z,w) is C'. Moreover, d;1; > 0.

The same theorem applied to the equation

u —1 1
/“Lf Zjef’yj(rj<ﬂfasz)7z)

=Q

implies that the fitting-in function m/(Q, z,w) is C* as well. (See equation (xxx) in Section
VIIL.2.) Moreover, &;m’ > 0.
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Recall that the equilibrium aggregator level H (z,w) is pinned down by

Q(H, z,w) Z Zh ri(m (Q(H, 2),z,w), z,w), 2) =1, (xxxV)

fefk Jjef

where Q(H, z) = —0% VY (H, z)/0,¥(H, z). In order to apply the implicit function theorem to
that equation, we argue that 9,2 < 0. We distinguish two cases. Suppose first that 0;Q > 0.
Then, the derivative of the sum in equation (xxxv) is

Z Z@lQ X 81mf X 817“]- X 81hj < 0.

feFk jef

Hence, 0,2 < 0. Suppose instead that 0;(Q) < 0. Note that 2 can be rewritten as

Q(H, z,w) = ZQHZ Zh ri(m! (Q(H, 2), z,w), z,w), z)
f Fk JES
1 Z m! (Q(H, 2), z,w) — 1Y ics hy (r;(m!(Q(H, z), z,w), z,w), 2)
n(H, z) mI(Q(H, 2),z,w) 32,7 (ry(m(Q(H, 2), z,w), 2,w), )’

B 77(171!, o 2 ¢ (m(QUH,2), 2, w), 2, w),

feFk

feFF

where n(H, z) is the absolute value of the elasticity of 0; ¥ with respect to H, and

sf(uf zZ,w) = p—1 Zjef h; (Tj<ﬂf727w),z)
- ph ey (ri(wf, 2, w), 2)

By Lemmas VII-IX and Assumption iv—(f), d;s/ > 0. By Assumption iv—(h), d,n(H, z) > 0.
It follows that 0,02 < 0.

We can therefore apply the implicit function theorem to equation (xxxv) to conclude that
H(z,w)is C'. Tt follows that equilibrium prices

pi(z,w) =7, (mf (Q (ﬁ(z,w),z) ,z,w) ,z,w)
are C! as well.

Labor demand. The function p;(-,-) and H(-,-) allow us to write overall labor demand as
as function of the wage rate w:

St S Xjen €i(2) (=01hy (B (2, w), 2)) Oy ‘If(ff( w), z)dz
it Jo X jenns iz, w0) (=0uh (9 (2, w), 2) 0¥ (H (2,w), 2)dz

LY(w) =
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Since the integrands are jointly continuous in (z,w) and the domains of integration are
compact intervals, L%(-) is continuous. Moreover, since firms never price below cost, we have
that p;(z, w) > wc;(z) for every (z,w). It follows that

Zf:l fIk Zje/\/’C %ﬁj('zv w) (_alhj(ﬁj (Z7 w)? Z)) 81\11<H(27 w)? Z)dZ
Zf:l fIk Zje/\/k ﬁj(z7 w) (_81hj<]§j (Z7 w)? Z)) al‘l’(ﬁ(z7 w)? Z)dZ ’

1
=— — 0.

W w—oo

L% (w)

As a next step, we would like to show that labor demand tends to infinity as the wage
rate goes to zero. However, it is easy to show that this is not necessarily the case.!® To
see this, conside(r) the case in which all the sectors are identical, demand is of the MNL type

a;(2)-p;
(hj(p;,2) = ew), and there are only two symmetric products with identical marginal
costs ¢ in each sector. As w tends to 0, it is easy to show that equilibrium prices converge to
those that prevail in a pricing game with MNL demand and 0 marginal cost. Let p > 0 be
that symmetric MNL equilibrium price. Then, as w tends to 0, L? converges to ¢/p, which
is finite.

Since L? does not necessarily tend to infinity as w goes to zero, an equilibrium may fail to
exist if L is too high. We now make this statement more precise. Let L = sup,,. L%(w)(> 0),
where L may or may not be infinite. The continuity of L? implies that the range of that
function is either (0, L) or (0, L]. Hence, an equilibrium exists if L < L, and does not exist
if L> L.

Equilibrium uniqueness is hard to establish in general, because L¢ is not necessarily
monotone in w. To see this non-monotonicity, note that the integrand in the denominator
in the definition of L? is equal to industry revenue in a pricing game under quasi-linear
preferences. An increase in production costs may or not push the industry closer to industry
revenue maximization. Another source of non-monotonicity is that, as we show in Section 3.3
of the paper, H does not necessarily decrease when costs increase.

Before turning our attention to special cases, we summarize our results on equilibrium
existence in the following proposition:

Proposition XIII. Fiz a model of multiproduct-firm oligopoly pricing in general equilibrium
with exogenous labor supply L > 0, as defined in Section X.2. Suppose that Assumption v
holds. Then, there exists L € (0,00] such that an equilibrium exists if L < L, and does not
exist if L > L.

18 A similar issue arises in Neary (2016)’s treatment of Cournot oligopoly with a continuum of sectors and
linear demand. In his framework, if labor supply is too high, then the market-clearing wage ends up being
negative.
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X.4 Special Cases

We now focus on the special case in which 0,V (H, z) = a(z)/HP®), where a(-) and 5(-)
are smooth functions such that a(z) > 0 and 0 < f(z) < 1 for every z, and hj(p;,z) =

a;(z )pJ1 () where a;(-) and o(-) are smooth functions such that a;(z) > 0 and o(2) > 1 for
every z. Note that, in the case where [ and o do not vary across sector, the demand system
reduces to the one in Hottman, Redding, and Weinstein (2016) (if 8 = 1), or in Atkeson and
Burstein (2008) and Edmond, Midrigan, and Xu (2015) (if 5 < 1). (See the discussion at
the end of Section X.1.)

The labor demand function L? can then be simplified as follows:

K cj(z) h;j(Bi(zw)2)
2 ket Sz al2)(0(2) — 1) Zje/\fk 55 Goo) fqg,w)ﬁ(z) dz
S Jpalz) — DH(z,w)"P@dz

We now argue that, for every w, z, and j, p;(z,w) = wp;(z,1). Since r;(uf, z,w) =

U(Z)(—i)#fwcj(z) for every 7, all we need to do is show that the equilibrium profile of --markups

LY(w) =

in sector z is independent of w. Recall that (u/) ferr is an equilibrium profile of i-markups
in sector z if and only if, for every firm f,

,[Lf —1 _6%1\11 <Zg€]—'k ZiEg hi(ri(:ug7 2, w)a Z))
Z% 7;( pt, 2 w), 2) .
i€t nv (de]:k Zieg hi<ri<ugvzaw)>z>)

Given the functional form assumptions made above, this is equivalent to

p =1
o

O'(Z) —1 Zjefhj<rj<:ufvz>w)>z)
0(2)  Dgerr 2ieg i(ri(p?, z,w), 2)’

(=) 1-0(2)
o(z)—1 2 jes ( 2)— ST we (2 ))
1-0(z)’
o(z) geJ-‘k Zzeg <O(Z —we;(z >
1—0(2)
o(z)
o(z)—1 Z]Ef ( @) —n ¢j(z )>
o(z oz 1-0(2)"
( ) de]:k Z’ieg <a(z)(—)u9 CZ(Z>>

= B(2)

= B(2)

= B(2)

Hence, (uf) ez is an equilibrium profile of t-markups in sector z when the wage rate is w if
and only if it is an an equilibrium profile of (-markups in sector z when the wage rate is 1.
This proves our claim that p;(z, w) = wp;(z, 1) for every j and z.

L% therefore simplifies to:

K ¢;(2) hj(B;(21),2)  (1—a(2))(1—B(»
) 1 2kt Jpea(2)(0(2) = 1>ZjeN A MBIED ) (o) (1-5E)) g
w) = — ‘

wo SR a(2)(o(2) = 1) H(z,1)1F@w-e(2)1-5GE) 4
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Define

¢(2)
m = min_ min min
1<k<K jeN* zeTh Pj(z, 1)

By continuity and compactness, the minimum exists, and is strictly positive. Hence,

K z,1),z —o(z _B(2
1 2kt Jor (2) (0 (2 —1)Z]€Nk m BN, (- (1A g,
P e — 1) H(z, 1)1 -PEw0-0E)0-BE) gy

= — OQ.
W w—0+

L% (w)

|3 &l

Hence, using the notation introduced in the statement of Proposition XIII, L = oo, and an
equilibrium always exists.

Equilibrium uniqueness seems harder to establish in general. An immediate observation
is that, if (1 —o(2))(1—(2)) does not vary across sector, as in the demand systems used by
Atkeson and Burstein (2008), Edmond, Midrigan, and Xu (2015), and Hottman, Redding,
and Weinstein (2016), then, L? is proportional to 1/w, and therefore strictly decreasing, and
uniqueness follows. More generally, it is easy to show that, if

max(1 — o(2))(1 — 5(2)) < 1 +min(1 — o(2))(1 — 5(2)),

z€T z€T

i.c., if the preference parameters o and 3 do not vary too much across sector, then L is
strictly decreasing, and uniqueness follows.

XI Quantity Competition

XI.1 The Demand System

We work with the following family of (quasi-linear) inverse demand systems:

]’L/» Z;

Pa) = i)

2 jen hi(@;)
where z; is the output of good j. We assume that h; > 0 and h; > 0, i.e., products are
substitutes. We also assume that h; < 0, which ensures that, under monopolistic competi-
tion, the inverse demand for product ¢ is strictly decreasing everywhere. This also implies
The direct subutility function associated with this demand system is U(z) = log >,y hj(z;
Since z = 3 hj(x;) is strictly concave, and the logarithm is strictly increasing and strictly

concave, it follows that U is strictly concave.
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XI1.2 Assumptions and Technical Preliminaries

We make two assumptions on the limits of hl. First, we assume that limgh, = co. This
means that, under monopolistic competition, a firm can always make strictly positive profits
by supplying a strictly positive quantity. Second, we assume that lim., 2, = 0. In other
words, the monopolistic competition price of good i goes to 0 as z; tends to infinity.
Moreover, we assume that monopolistic competition inverse demand functions sl?t(isf)y
i (@i
hi(z;)

Marshall’s second law of demand: |i;] is non-decreasing for every i, where ¢;(z;) = x;
Since h; > 0 and h < 0, this means that ¢; < 0.

Next, we use these assumptions to establish a few basic facts about the functions h; and
t;. Note first that lim,, o 2;h.(x;) = 0. To see this, note that, by the fundamental theorem
of calculus,

hi(:) — hi(0) = / Bt > @bl () > 0,
0

where the first inequality follows from the fact that h] < 0. By the sandwich theorem, it
follows that lim,, o z;h}(z;) = 0.

Next, let f1; = 1+ limy,, 0 ¢;(x;). Since ¢; < 0 and ¢; is monotone, fi; exists, and fg; < 1.
Assume for a contradiction that j; < 0. Then, since ¢; is non-increasing, it follows that
ti(x;) < —1 for every x;. Therefore,

d
dl’i

(wihi(x:)) = wihy () + hy(w:) < 0.

Since lim,, o z;hi(x;) = 0, it follows that x;hi(x;) < 0 for every z;. Therefore, h, < 0, a
contradiction. We conclude that f; € (0, 1] for every 1.

XI1.3 The Quantity-Setting Game and the Firm’s Profit-Maximization
Problem

A quantity-setting game is a triple ((h;)jen, F, (¢j)jen), where (h;)jen is an inverse demand
system, F is a partition of the set of products, and (¢;),en is a vector of marginal costs. The
profit of firm f € F can be written as follows:

Fix a firm f € F, and let (2;)jens such that 32,y ¢ hj(z;) > 0. Then, we claim that
the maximization problem

max I ((2))jer () jens) (xxxvi)

(25)jer€l0,00)f

has a solution. To see this, note that the assumptions made and the preliminary results

92



derived in Section XI.2 imply that II/ (-, (x;) en ) is continuous on [0, c0)/. Moreover, since
products are substitutes and lim,, . h,(z;) = 0 for every i, there exists M > 0 such that for
every (z;)jes € [0,00)/, there exists (2});ef € [0, M}/ such that

I ((:cj)jef, (%’)jeN\f) <1 (@')jefv (xj)jGN\f) '

Therefore, the sets of solutions of maximization problems (xxxvi) and

max IV () icr, (25) ien XXX Vil
(25)5e 5 €10,M) (( ])Jef ( J)]G \f) ( )

coincide. Since I/ (-, (z;)jenns) is continuous and [0, M]/ is compact, maximization pro-
blem (xxxvii) has a solution.

XI1.4 The Additive Constant (-Markup Property

We start by deriving first-order conditions under the assumption that all products are active.
The derivative of firm f’s profit with respect to x; (k € f) is given by:

/ K,
ol _ My <_Zj€ij_hj PP S _Ck> ,

dxy  H H “h Tn
_ M ( 2 jer il s B —Ck)
— 5\ 7 k )
i i 2

Therefore, if the first-order conditions hold at output vector (z)rey, then, for every k € f,

Pk_ck+L C Djep il
P, F H

Since the right-hand side of the above condition does not depend on k, it follows that an
additive form of the constant (-markup property holds:
P — ¢y P —q

Pk +Lk: Pl

+u=ul, Yk lef.

Under monopolistic competition, we would have pu/ = P"’P—_kc’“ + 1, = 0. Under oligopoly, the
firm internalizes its impact on the aggregator, and sets p/ > 0.

XI1.5 Definition and Properties of Output Functions

Fix H > 0, and consider the following function:

H Pk — Ck
H=1-c—— — .
yk:(xk) ) Ck, h;(ﬂ%) + Lk(xk) ( Pk + Lk($k>>

93



v, maps an output level and an aggregator level into a (-markup. Note that, contrary to the
price-competition case, v, depends on H.

vy, is differentiable, Ovy /Ox) < 0 (due to b} < 0 and to Marshall’s second law of demand),
and Ovy/OH < 0. By the inverse function theorem, the inverse function x(u/, H) is well-
defined and differentiable, and satisfies Ox;/0u’ < 0 and dx/OH < 0. The output function
X maps a (-markup and an aggregator level into an output level. It plays the same role as
the pricing function r; in the paper.

For every x; > 0,

Vi, H) < sup vi (T, H) = fi.
#5>0

Therefore, if 41/ > jig, then the -markup p/ is not consistent with product k being sold. We
therefore extend y;, by continuity: xx(u/, H) = 0 whenever uf > fi;.. Denote jif = max;e; fi;.

XI1.6 Definition and Properties of Markup Fitting-In Functions

Next, we use the output functions defined in the previous subsection to reduce firm f’s

first-order conditions to a uni-dimensional equation:'?

1
H'f = E ZXJ (/"Lf7 H)h; (X](:ufv H)) : (XXXVIH)
Jef

Since the right-hand side of condition (xxxviii) is strictly positive, we can safely restrict
attention to strictly positive 1/’s. Note that, for every k € f and p/ € [0, jig),

H

Therefore, by definition of ¢,

(! )W, (e H)) + Ry, (xe(pf, H)) > 0.

Combining the above inequality with the fact that dx,/0u/ < 0 for every k such that
fir, > pf, it follows that the right-hand side of condition (xxxviii) is strictly decreasing in p/
on interval (0, i), and identically equal to zero on interval [i/, co0). Since the left-hand side
is strictly increasing in u/, there exists at most one i/ such that firm f’s simplified optimality
condition holds.

If 4/ > i/ = maxyey fig, then the right-hand side of equation (xxxviii) is equal to zero
while the left-hand side is strictly positive. If 1/ is equal to zero, then the right-hand side
of equation (xxxviii) is strictly positive, and the left-hand side is equal to zero. Therefore,
equation (xxxviii) has a unique solution, which we denote by m/(H). m/ is firm f’s markup
fitting-in function.

YIf the j-th term of the sum is such that z; < pf, then x;(u/, H)I;(x;(u!, H)) = limg, o 2 (2;) = 0.
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Totally differentiating equation (xxxviii) yields:?°

dH 1 d(z;h(x;)) X oY
dpf = ——pf + = (J—J (—jd,uf—i-—JdH) .
H H = dx; _— ouf 0H
Therefore,
—mf d(z;h}(z;)) ax;
T Ljes <—dej W a>1<{>
mf/<H) _ J=Xi

Y
1 d(z;h(25)) Ix;
1= 4 Syey (0] o)

which is strictly negative, since dx;/0u’ < 0 and dx,;/0H < 0 for every j.
By monotonicity, limy_,o m/(H) and limpy_,o, m/ (H) exist. We will compute these limits
in the next subsection.

XI.7 Definition and Properties of Output Fitting-In Functions

For every k € f, let X(H) = xi (m/(H), H). The function H — (X(H))key is firm fs
output fitting-in function.

We first argue that limpy . X, (H) exists and is equal to zero for every k. Assume for
a contradiction that this is not the case. There exist k € f, (H"),>0, and € > 0 such that
H" — oo and X,(H") > ¢ for every n. By definition of m/, we also have that

n—o0

n

ftgy=1—-¢,——— X, (H"
H?’L
<1—cp——, since X,(H") > ¢, hy, <0, and ¢, <0,
hi.(€)
— —00.
n—oo

Therefore, m/ (H™) is strictly negative for n high enough, a contradiction. Therefore, limp_,oo Xj(H) =
0.
Next, we argue that limg_,., m/(H) = 0. Condition (xxxviii) can be rewritten as follows:

! (H) = 22 57 X (H)I (3(H)

Jef

Since, for every f, limpy o0 X;(H) = 0 and lim,, o z;1/(x;) = 0, it follows that limy_. m/ (H) =
0.

Next, assume for a contradiction that Xj does not go to zero as H goes to 0 for some
kin f. There exist € > 0 and (H"),>o such that H" — 0 and Xy(H") > ¢ for every n.

n—oo
Recall that the function z), — wgh)(zg) is strictly increasing on the relevant domain (see

20To ease notation, we ignore the fact that the sum should only span those j’s that satisfy x; > 0.
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Section XI.6). It follows that, for every n,

n 1 n n
m!(H") = mZXj(H )hy (X5(H™))
jef
1 n n
> ka(H )by (Xe(H™)),
1
2 mé‘h%(g)’
— OQ.
n—o0
Since m/ is always below unity, this is a contradiction. Therefore, limpy o X;(H) = 0.

It follows immediately that limy_,o m/(H) = ii/. As competition intensifies (H goes up),
firm f decreases its --markup from 7/ (the monopoly case) to 0 (the monopolistic competition
limit), and the set of products offered by firm f expands.

By contrast, the output fitting-in function X}, is non-monotonic in H: X;(0) = Xj(c0) =

0, and X, (H) > 0 for H high enough (if ji, < i/, then X} = 0 for H sufficiently low).

XI.8 Definition and Properties of the Aggregate Fitting-In Function

The aggregate fitting-in function is defined as follows:

D(H) =YY hi(X;(H)).

feF jef

Since I'(0) = I'(c0) = > ;carhy(0) and I'(H) > 37,y h;(0) for every H > 0, I' is non-
monotonic.

In the following, we first establish the existence of an H* > 0 such that I'(H*) = H*. If
lim,, 0 hi(zx) > 0 for some k € N, then this is trivial: Since I' is continuous, I'(0) > 0, and
['(00) < 00, existence of a fixed point follows from the intermediate value theorem.

Next, assume that h;(0) = 0 for every j. Note first that, by L’Hospital’s rule, for every j,

hy(x) . h; () . 1 1

w0 oh(z) a0 B (x) + ahl(z) o0 L4 5(x) i

To simplify the exposition, assume that i/ = [i; for every f and k € f. The case where
this assumption is violated can be dealt with as we do in the proof of Lemma J (by taking
an H small enough such that all the firms are only supplying their high fi; products). Take

some ¢ > 0 such that | F|(1—¢) > 1. There exists H > 0 such that % > (1 —e)ﬂ—lf
J

for every H < H, f € Fand j € f. Moreover, for every H < H,

I'(H) hi(X;(H))
7R ) P e

feFr jef
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X;(H)W(XG(H))  hy(X,(H
gy (X,()

222 X, (I, (X, (1))
11 ,
>(1-2)) T > XG(H)N(X;(H))
fer jef
1
=(1—-¢) Z _—fmf(H)7 by condition (xxxviii),
feF
_ i i f —
et (1 5)21, since Il{linom (H) =i/,
feF
= [FI(1 =2),
> 1.

It follows that I'(H) > H in the neighborhood of zero. The fact that limpy_,., I'(H) = 0 and
the continuity of I' give us the existence of a fixed point.

X1.9 Equilibrium Uniqueness and Sufficiency of First-Order Con-
ditions

In the previous subsection, we established the existence of an aggregator level H* such that

I'(H*) = H*. Since we have not shown that first-order conditions are sufficient for global

optimality, we cannot conclude that H* is an equilibrium aggregator level.
Suppose that the following condition holds:

> (HXJ(H)W, (X;(H)) — h; (X;(H))) <0, VfeF, VH >0 (xxxix)
jef
Fix a firm f € F and a profile of outputs for firm f’s rivals (z;);ean s such that HY =
> jeans hi(zj) > 0. Define

Of (H, HY) = % (HO £y hj(Xj(H))) |
Jjef
The first-order conditions associated with firm f’s profit-maximization problem hold at out-
put vector (z;);es if and only if there exists H > 0 such that z; = X;(H) for every j € f,
and Q/(H,H®) = 1. Since Q/(0, H°) = oo, 2/ (00, H°) = 0, and Q/(-, H°) is continuous,
there exists H > 0 such that Q/(H, H°) = 1. Moreover, for every H > 0,

f
?9% _ % (Z X/(H),(X;(H) H — (H® + Zhj(Xj(H»)) ,
jef Jjef

< oy ST (XU (X)) — by (X ()

Jef
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< 0, by condition (xxxix).

Therefore, Q/(-, H®) is strictly decreasing, and there exists a unique H > 0 such that
Qf(H,H") = 1. This means that there exists a unique output profile (#;);c; for firm f
such that firm f’s first-order conditions hold. In Section XI.3, we have shown that firm
[’s profit maximization problem has a solution (Z;),;cs. By necessity, first-order conditions
must hold at output profile (Z;);cr. By uniqueness, (Z;);er = (2;);jef. Therefore, first-order
conditions are necessary and sufficient for optimality.

This implies that H is an equilibrium aggregator level if and only if H is a fixed point of
the aggregate fitting-in function. Since we have established existence of such a fixed point,
it follows that the quantity-setting game has a Nash equilibrium.

In fact, under condition (xxxix), we can even prove that the quantity-setting game has a
unique equilibrium. To see this, define Q(H) =T'(H)/H. Then,

V(H) = (Z S HX ) (G(H) =30 hj(Xj(H))> ,

feF jef feF jef

which is strictly negative by condition (xxxix). Therefore, the aggregate fitting-in function
has a unique fixed point, and the quantity-setting game has a unique equilibrium.

XI.10 The CES Case

In the following, we show that condition (xxxix) holds in the CES case. For every j € N,
let hj(w;) = a;x$, where a; > 0 is a quality parameter, and « € (0, 1). Clearly, h; is strictly
increasing and strictly concave, lim,, o h)(z;) = oo, and lim,; .. h}(z;) = 0. Moreover,
tj =a—1.

Note that, for every firm f,

! (H) = & 57 X (H) () = 5 37 by (X ().

jef Jjef
Therefore, N
! (H) = o S (HXYCE () — hy(X,(H))
Jef

Since m/’ < 0, it follows that Y., (HXj(H)h;(X;(H)) — hy(X;(H))) < 0, ie., condi-
tion (xxxix) holds. Therefore, multiproduct-firm quantity-setting games with CES demands
have a unique equilibrium.
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XI.11 Firm Scope and Industry Competitiveness under Quantity
Competition

As already mentioned in Section XI.7, as competition intensifies (H increases), firm f reacts
by lowering its (-markup, and the set of products offered by firm f expands. Hence, under
quantity competition, it is still the case that firms respond to an increase in the intensity of
competition by adding products.

X

012k

0.10

T

0.08

I

: — X1(Ho)
0.06 | — X2(Ho)

0.04 it

0.02

| L L L N T L . . . L

1 2 3 4 5

Ho

Figure 1: Monopolist’s optimal output for products 1 and 2 as a function of H°

To illustrate this phenomenon, we consider a simple numerical example, in which a mo-
nopolist owning two products, 1 and 2, competes against an outside option H° > 0. The
inverse demand function for product 7 is given by

hi(z:)

P = :
h1(1‘1> + hg(ﬂfz) + HY

where hj(z;) = 277 (j € {1,2}), a1 = 0.5, and a3 = 0.8. We set both products’ marginal
costs equal to 1. We check numerically that the profit maximization problem has a unique
solution, and first-order conditions are sufficient for optimality for every H° > 0. Figure 1
plots the monopolist’s optimal output for products 1 and 2 as a function of H°. Since jiy > Ji1,
product 2 is always active, whereas product 1 is inactive when H° is sufficiently small.

XII Firm Scope and the Intensity of Competition

Our model predicts that multiproduct firms respond to an increase in the intensity of com-
petition by broadening their scope. As shown in Section 3.2, the fitting-in function m/(H)
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is strictly decreasing in H, implying that the set of products j in f such that ji; > m/(H)
expands as H increases. This implies that a shock that shifts the aggregate fitting-in function
upward, such as a unilateral trade liberalization or the entry of a new competitor, induces
firms to supply more products (Proposition 4).

The intuition is rooted in the ITA property, which implies that, when a firm that has a
low market share introduces a new product, that new product mostly cannibalizes sales from
the firm’s rivals rather than from the firm’s other products. Hence, a firm that operates in a
highly competitive environment worries little about self-cannibalization effects, and instead
has an incentive to flood the market with its products, in order to increase the probability
that one of its products is chosen by any given consumer. By contrast, a firm that operates
in an environment with little competition has an incentive to withdraw its weaker products
(i.e., those products on which the firm earns a low profit conditional on the product being
chosen) in order to channel consumers towards its stronger products.

As shown in Section XI, these results extend readily to the case of quantity competition, at
least within the class of demand systems we consider. Since the fitting-in function m/ conti-
nues to be decreasing in the aggregator level H, the set of active products continues to expand
as competition intensifies. Section XI.11 provides a numerical example. The prediction is
more nuanced in Section VIII, where we consider richer substitution patterns between the
firms’ products and the outside option, as captured by the function W(-). As discussed in
Section VIIL.3, the local monotonicity properties of the fitting-in function m/(-) = m/(Q(-))
depend on the local behavior of the curvature of U(-), as measured by Q(-) = —U"(-)/¥'(+).
However, it is easy to show that, since the curvature function @) tends to 0 as the aggregator
tends to infinity, firm f’s (-markup tends to 1 as the aggregator tends to infinity, implying
that, as we approach the monopolistic competition limit, firm f starts supplying all of its
products.

The relationship between firm scope and the intensity of competition has received much
attention in the recent international trade literature studying multiproduct firms. Much of
that literature has focused on models of monopolistic competition, thereby assuming away the
self-cannibalization effects we emphasize. A common finding in those papers is that firms tend
to respond to trade liberalization by focusing on their core products, i.e., by supplying fewer
products.?! In models with CES demand and product-level fixed costs (Bernard, Redding,
and Schott, 2010, 2011), this is due to the fact that more intense competition reduces variable
profits on all products, and therefore makes it harder to cover fixed costs. In models with
linear demand, more intense competition chokes out the demand for products sold at a high
price (Dhingra, 2013; Mayer, Melitz, and Ottaviano, 2014).

Eckel and Neary (2010) and Eckel, Tacovone, Javorcik, and Neary (2015) develop oligopoly
models with multiproduct firms, linear demand, and quantity competition. Despite the
presence of the self-cannibalization effect which, as mentioned above, is the key driving force
behind our results, they find that firms shed products as competition intensifies.

21Qiu and Zhou (2013) and Nocke and Yeaple (2014) derive more nuanced predictions.
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To understand why their predictions differ from ours, consider the following thought
experiment. Suppose that firm f owns two products, ¢ and 7, and contemplates whether to
supply product ¢ in addition to product j. The demand for product k € {i,j} is given by
Dy.(pi, pj, H®), where H? is a proxy for the intensity of competition. If firm f only sells good
j, then it prices that product at p;(H 0), the stand-alone best-response price for that product.
That price is pinned down by the first-order condition

(pj — Cj)%—gj‘,j(oo’pw H®) + Dj(o0,p;, H®) = 0.
Let 7*(H®) be the profit of firm f at that price.

Let 3,(H") be the lowest price p; for good 7 such that, if product j is priced at p}(H°) and
industry competitiveness is H°, then good 4 receives no demand. Note that p,(H°) is infinite
in our framework. (In the extension developed in Section IV, p;(H®) is a strictly positive
constant.) One way of finding out whether firm f would find it profitable to supply good i
in addition to good j is to ask whether that firm would benefit from setting p; just below
p;(H®), while continuing to price good j at pi(H ). The marginal profit on good i is given
by

f i j
o e () = Dioy )+ (5 = ) G ) (55 () = ) 50205 (1)
0 aD] % 0 Dz(pup;(HO))
= (pj(H") — ¢;) == (pi, 0 (H 1 >p
(p]( ) ) op; (pi, p3 (H7)) ( * (p;?(HO) — Cj)aaTj(piap;(H()))

+

(pi — ci) %—ﬁj(mm}f(HO)))
(P (H®) = ¢j) 222 (p;, p(HO))

Define

S(HY) = lim
pi—P; (H®)~

(pi — i) ' s (pi, i (H?))
(P5(H) = ¢;) | 52 (pi, p;(H"))

- D;(pi, p;(H")) )
(3 (H) = ¢;) 52 (pi, 9 (HO)) )

(The limit exists in the examples considered below.)

The marginal profit on good i for p; close enough to p,(H") is positive if 6(H") < 1, and
negative if §(H°) > 1. This means that firm f finds it profitable (resp., unprofitable) to
supply good i if §(H®) > 1 (resp., 6(H®) < 1). (If §(H®) = 1, then the test is inconclusive.)
Whether §(H?) is greater or lower than unity depends on the ratio of margins of the two
goods (selling good i appears more profitable if a high margin can be set on that good) and
on the diversion ratio from i to j (selling good ¢ appears more profitable if that good does
not cannibalize good j too much).

We now use the sufficient statistic §( H°) to investigate whether an increase in the intensity
of competition raises or lowers the incentives to supply good i. Formally, we ask whether
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§'(HY) is positive or negative when §(H°) = 1.
In our model, we have that

_bi— ¢ aa?f _ D; __bi—¢a hiH — (hg')Q _ H
pj = ¢ %ﬁj (pj — cﬂ%ﬁf pj—¢  —hik (pj — ) (=h3)°
1 Di — Ci H
ORI (s = &) (=H5)

Taking the limit as p; tends to infinity (which is the choke price in our framework), we obtain

that 1
3(H) = ey (= 1.

Since 3 (H 0) is strictly decreasing in H, it follows that ¢’ > 0. Hence, more intense compe-
tition makes it more likely that product ¢ is supplied.

We now turn our attention to the case where demand is linear. The demand for product
k € {1,2} (when both products are active) is given by

Dy=1—H’—py+ym, (I#k),

where v € (0,1) is a substitutability parameter. H® > 0 is a proxy that captures how low
rivals’ prices are.

Setting D; equal to zero, we obtain the choke price for product 7 as a function of p; and
HO:
Pi(pj, H°) = 1 — H" + p;.
Plugging this choke price into D; gives us the demand for product j when product ¢ is
inactive:

Dj=(1+7)(1—H —p;(1-7).
Solving the profit maximization problem for good j, we obtain the stand-alone best-response

price p;‘f(HO):
1 1—-H°
* 0\ __
pj(H)§(cj+ 1_7)

The choke price of good i is therefore given by:

= 0 = (% 0 0 0 1 1_H0
(A7) = pipj(H0), HO) =1 = Ho+ gy (& + 57— )

We can now compute the sufficient statistic 6(H°):
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¥
y 1(1-H%
2\ 1 G

Thus, whether § is increasing or decreasing in the neighborhood of 6(H°) = 1 depends on
whether the choke price p,(H") decreases faster than the stand-alone best-response price

11— H+ 1y <cj+ 111H°) — ¢

pr(HY).?2 (The diversion ratio remains constant and equal to v.) We now compute the
corresponding derivative:

do
dH® S(HO)=1

) = @) = c5) = (u(H') = e/ (7)),

Sy o, (P = 9y (H°) since 0(H') = 1,
J J

Hence, as H° increases, the choke price on good i decreases faster than the stand-alone
best-response price on good 7, and the firm wants to drop product .

We can now see why our predictions differ from those in Eckel and Neary (2010) and Eckel,
lacovone, Javorcik, and Neary (2015). In our framework, there is no horse race between the
choke price and the stand-alone best-response price, because our choke price remains fixed
at p;, = oo (or p; < oo in the extension studied in Section IV). Instead, what drives our
comparative statics is the behavior of the diversion ratio, which is governed by the ITA
property. This diversion ratio is constant under linear demand.

XIII Nested CES and MNL Demands: Type Aggrega-
tion and Algorithm

In this section, we study a multiproduct-firm pricing game with nested CES or MNL demands,
under the assumption that the firm partition F and the nest partition £ coincide. Under
nested CES demand, ¥ = log, ®/(H/) = (H')?, and h;(p;) = ajpjl-_”, where 5 € (0,1],
aj > 0, and o > 1 are parameters. Under nested MNL demand, ¥ = log, ®/(H/) = (H/)”,
and h;(p;) = e@, where 8 € (0,1], a; € R, and A > 0 are parameters.”® Recall that any
such pricing game has a unique equilibrium (Theorem III).

This section is organized as follows. In Section XIII.1, we prove the formal equivalence

221f there is no H? such that 6(H®) = 1, then, regardless of H, either the firm always wants to add product
1, or it never wants to do so.
23The functions ® and ¥ were introduced in Section VII.
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between pricing games with nested CES (resp. MNL) demand and pricing games with CES
(resp. MNL) demand. We provide an algorithm for computing equilibrium in Section XIII.2.
The proofs are contained in Sections XIII.3 and XIII.4.

XIII.1 Formal Equivalence between Pricing Games with and wit-
hout Nests

(Nested) CES demand. We first argue that a pricing game with nested CES demand is
formally equivalent to a pricing game with CES demand (i.e., where § = 1). Under nested
CES demand, ¢; = o for every j. Hence, r;(uf) = #cj. We now write firm f’s profit as a
function of (p9),er:

(Ses o = e)R50i))) B (Sees iulon))
D e (ZiEQ hi(Pi)y + (HO)#
(Syeslo = 02h, () 8 (Siey helon))
Syer (Siey )+ (H0)?

o-1 M (Zkef hk(pk)>6
’ D geF (Zieg hi(pi))ﬁ + (HO)B’

1-0o
o 2: l1-0o
o—1 w ((”—”f> ket Wk )

o L\l - B
de]—‘ ((a—_ug> Zkgqakck ) +(H0)'B

B(1-o)
f (1 1Hf) T/ 8
= B0 — 1)'u o , where TY = (Z akc}c_”> ,

B(1-0)
L) o+ (HO)

I =

Y

Y

=p

B

=p

)

keg

, where 0/ =1+ B(c — 1),
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1—o’
_a !
_7- 1,uf/ <”’—Hf’> T

- — , where H” = (H°),
o de F (—a,f'ug,) T9 + HY

which is the profit function that obtains in an auxiliary multiproduct-firm pricing game with
CES demand, in which the elasticity of substitution is ¢’, the profile of types is (17),er,
and the value of the outside option is HY. Tt follows that (u?*),cx is an equilibrium profile
of t-markups of the original game if and only if (";’,ug*)ge » 18 an equilibrium profile of -
markups in the auxiliary game. Moreover, equilibrium profits in the original game are equal
to equilibrium profits in the auxiliary game.

Note that firm f’s market share (in value) in the original game given the profile of ¢-
markups (19) e is equal to that firm’s market share in the auxiliary game given the profile

/ .
of t-markups ("; g ) g Since

g1 () 8 (S )
Aol o (S b))+ ()2
(S
S (S hip) + ()7
(Zjefhj(pj)>ﬁ
Sper (Sieg e+ (107

B(1-0)
1 f

B(1-0o) ’
) T9 + (HO)?

?

bl

/

1—0o
1 f

/

l—0o :
de}- (ﬁ) T9+(H0/)

This implies that (s9)4er is an equilibrium profile of market shares in the original game if
and only if it is an equilibrium profile of market shares in the auxiliary game.
Similarly, consumer surplus in the original game given the profile of --markups (1?)ger is

equal to consumer surplus in the auxiliary game given the profile of -markups (%’ 19 )ge 5




O_/ 1—0” o
= log (ZTg(o—/—m'> +H >
geF

Hence, equilibrium consumer surplus in the original game is equal to consumer surplus in the
auxiliary game. It follows that equilibrium social welfare in the original game is also equal
to equilibrium social welfare in the auxiliary game.

(Nested) MNL demand. Under nested MNL demand, ¢;(p;) = p;/X for every j € N.
Hence, r;(uf) = A + ¢; for every j. Firm f’s profit is given by:

(Sestos = D= 00)) 8 (S lulon)
Ser (Sieg o)+ (H0)?
5 (Ser o))

S yer (Siey hilen)) + (H0)7
3 (Spepe™5™) e

Saer (Tieg @) e 4 (h10)?

g Tle”
T Tre R HO

I =

Y

= H

f

=

a;—c;

B
where TY9 = (Ziege X ) and p9 = Bu? for every g € F, and H” = (H°)". Hence, the
original game is formally equivalent to an auxiliary pricing with MNL demand, in which the

price sensitivity parameter is equal to 1, the profile of types is (77),cr, and the value of the
outside option is H”. It is then straightforward to check that equilibrium market shares,
consumer surplus and social welfare in the original game are the same as in the auxiliary
game.

XIII.2 Algorithm

Numerically solving for the equilibrium of a multiproduct-firm pricing game in an industry
with many firms and products can be a daunting task with standard methods, due to the
high dimensionality of the problem. Exploiting the aggregative structure of the pricing game
allows us to reduce this dimensionality tremendously: Instead of solving a system of || non-
linear equations in |[A/| unknowns, we only need to look for an H > 0 such that I'(H) = H,
where I' is the aggregate fitting-in function. Of course, there usually will not be a closed-
form expression for I'(+), so we still need to compute this function numerically. But I'(H) is
simple to compute as well, since all we need to do is solve for |F| separate equations, each
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with one unknown. Below, we describe how this general approach can be implemented to
solve a multiproduct-firm pricing game with CES or MNL demands. Thanks to the formal
equivalence results derived in Section XIII.1, this algorithm can also be used for pricing
games with nested CES or MNL demand.

The algorithm uses two nested loops. The inner loop computes Q(H) = I'(H)/H for a
given H. The outer loop iterates on H. We start by describing the inner loop. Fix some
H > 0. We first need to compute u/ = m/(T7/H) for every f. We have shown that pu/
solves equation (7) in the CES case, and equation (8) in the MNL case. These equations can
be rewritten as follows:

o (1_%%‘( —%>‘”)—1 (CES),

0=/ ()
uf (1 _z e_“f) 1 (MNL).

(x1)

We solve equation (x1) numerically using the Newton-Raphson method with analytical deri-
vatives. The usual problem with the Newton-Raphson method is that it may fail to converge
if starting values are not good enough. This is potentially a major issue, because the value of
Q(H) used by the outer loop would then be incorrect. The following starting values guarantee
convergence:

max 1,0(1— (%)ﬁ)) (CES),
max 1,log%f) (MNL).

-
In fact, the Newton-Raphson method converges extremely fast (usually less than 5 steps).
Notice, in addition, that this method can easily be vectorized by stacking up the u/s in a
vector. Having computed p/ for every firm f, we can calculate Q(H) (see equation (15)).
The outer loop iterates on H to solve equation Q(H) — 1 = 0. This can be done by using

standard derivative-based methods. The Jacobian can be computed analytically:

vy - L (H T (T
O(H) = H<H+;HS 7]

where?*

P
o\ w1 (MNL).

pl—1
T_fS/ <T—f) UT_INf(l-‘r(a—l)(uf_l) ut ) (CES),
o (T (1))

We use the value of H that would prevail under monopolistic competition as starting value
(H™ = H° + 37 T/ (1 - %)0_1 under CES demand, H™ = H® 4 7, T/ e™" under
MNL demand), and we always obtain convergence (usually in about 10 steps).?

24We derive these formulas in Section XIII.3.
25In Breinlich, Nocke, and Schutz (2015), we use this algorithm to calibrate an international trade model
with two countries, 160 manufacturing industries, CES demand and oligopolistic competition.

107



XIII.3 Formulas for m’ and S’ and Preliminary Lemmas

Applying the implicit function theorem to equations (7) and (8) yields:

(CES) m/(z) = (x1i)

(MNL) m/(z)

_ . i
1+ m(x)2z e ™) (xclif)
Let « = (0 — 1)/o in the CES case and o = 1 in the MNL case. Note that m =

o/(c — (o —1)9) in the CES case, and m = 1/(1 — S) in the MNL case. Therefore, in both

cases, m = 1/(1 —aS), S = imT’l, and S’ = Q%T This implies in particular that

(CES) é% =S(r)==x (1 — m((f:z:)) ) ,
(MNL) % = S(z) = xe™@

This allows us to obtain expressions for S’(x), which do not explicitly depend on the terms
(1—m(x)/o)"", (1 —m(x)/o)"? and e~

/ m(x) —1

(CES) zS'(z) = ) (xliii)
Lm(z) <1 + 0741_2((:;))/0 (m(x) — 1))

(MNL)  28'(z) = m(z) — 1 (xliv)

m(z) (14 m(z)(m(r) — 1))

Formulas (xliii) and (xliv) are used at the end of Section XIII.2.

Next, we use the fact that m = 1/(1 — aS) to replace m(z) in the right-hand side of
equations (xliii) and (xliv). In the MNL case, we have that:
S(x) S(z) S = S)’

O TS T Ty S 156 4 S0P

In the CES case, we have that:

z8'(z) = > g(w) S@)
1+ a?m (x)l_m(x)/a
B S(z
1+ aQ 17(1;(9:))2 S(Z)l(ig?;s)‘(z)) ’
S(z)
B 1+« 5(z) 7




_ S(@)(A = 5()(1 — aS(x))
1—S5(x) + aS%(z) '

Therefore, in both cases:

) S(x
xS’ = - , (xIv)
1+ 05 isas@)
S(@)(1 = S()(1 - aS()) .
1 —S(z) + aS%(z) ‘

Let e(z) = xS5'(x)/S(x) be the elasticity of S. We prove the following technical lemmas:
Lemma XXV. &’ <0.
Proof. Using equation (xlv), we see that
1

e(x) = S
@
1+ ei—sm)a-as@y

Since S’ > 0, it follows that & < 0. H
Lemma XXVI. S” < 0. Therefore, S is strictly subadditive.

Proof. Using equation (xIv) and the fact that S(z) = z(1 —m(z)/o)° ! in the CES case and
m(x) = zexp(—m(x)) in the MNL case, we see that

b2
(CES) S'(z) = -
@ )
1+ o —sm)a—as@y

—m(x)

e

(MNL) S'() = 7 oagy

Since m’ > 0 and S" > 0, it follows that S” < 0.
Let y > 0, and define £ : z € Ry — S(x +y) — S(x) — S(y). Note that lim,_,o&(x) =0
and that

x)=5x+y) —S(x)<0

since S” < 0. Therefore, £ is strictly decreasing, and £ < 0. O

XIII.4 Proof of Proposition 6

Proof. The fact that m’ > 0, S > 0, and 7/(= m') > 0 can be seen by inspecting equa-
tion (xli), (xlii), and (xIv).
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Applying the implicit function theorem to equation Q(H) = 1 yields:

dH* s' (%)
= ; —~ > 0. (xIvii)
dIT o+ Yger 708 (5%)

Hence, equilibrium consumer surplus is increasing in types.
Note that

(%) (1_deH*): e s (%)

- * * * ~ HO 9 9
a7~ ') T\ s

> 0,

and that, for g # f,

d({) T dH*

ari H?2dT/

Applying the chain rule allows us to conclude that firm f’s equilibrium markup, market share
and profit are increasing in 77 and decreasing in T (g # f).

< 0.

Next, we turn our attention to social welfare. Let z9 = T9/H* for every g and 2° =
H°/H*. Social welfare is given by

:10gH*+Z(m x?) —

geEF
Therefore,
aw* 1 (dH* iy ,
_ ! S'(«f) Sy a2 §'(&)
=~ I (m TS 095 (29) (1 ; (1—aS(x9))2> (1 —aS(z/)) )

S'(x)) Gl 1 B 1
= H* (xo + defng/(xg)) b ozZ:L‘ () ((1 —aS(zf))? (1- ozS(xg))2)>

S’ (zf) 1"‘“2 s9(1 —s9)(1 — as9) ( 1 1
(

H* <$o + Y er ng/(xg)> = 1 — 594+ as9)? 1—asf)?  (1—as9)?

- S’ (zf) 1+Z s9(1 —s9)(1 — as?) (1_ 1 )
H* <x0 + 3 e p 295" (29) > iy 1 —s9 4 «afs9)? (1 — as9)? | ’

=y (59)

where the second line follows from equation (xlvii) and the fact that m = ﬁ, and the
fourth line follows from equation (xlvi).
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If we can show that 1+ > 7" | 1,(s;) > 0 for every o € (0,1], n > 2, and (s;)1<i<n € [0,1)"
such that > " | s; < 1, then we are done. Routine calculations show that 1,(s) > 11(s) =
Y(s) for every s. Therefore, all we need to do is show that 1 + > " ¥(s;) > 0 for every
n > 2 and (s;)1<i<n € [0,1)" such that """ | s; < 1. Note that ¢(s) = s?(s —2)/(1 — s + s?).
Routine calculations show that:

(i) 4 is concave on [0,1/2].
(i) ¥(0) = 0.
(iii) (s) + (1 — s) = —1 for every s € [0, 1].
(iv) ¥(s) > —s (resp. ¥(s) < —s) if and only if s < 1/2 (resp. s > 1/2).
(v) 1 is decreasing.

By point (iv), if s; < 1/2 for every i, then 1+ ", ¥(s;) > 0. Next, let (s;)1<;<n such that
s; > 1/2 for some i. Assume without loss of generality that s, > 1/2. Then, 3. 's; < 1/2.

We claim that ) .
21/1(51) > (Z 5i> - (xIviii)
To see this, let x,y € [0,1/2] such that 2 +y < 1/2, and define

§:te0,y] = o(r+1t) —(x) — ().

By point (ii), £(0) = 0. By point (i), & < 0. Therefore, £(t) < 0 for every t. In particular,
Y(z+y) <Y(x)+1Y(y). Property (xlviii) follows by induction on n. Therefore,

1+Z¢(si) >1+9 <251> +(sp) > 14+ (1 —s,) +U(s,) =0,

=1

where the second inequality follows by point (v), and the last equality follows by point
(ii). O

XIV Comparative Statics

XIV.1 Proof of Proposition 3

Proof. The first part of the proposition follows immediately from equation (ii), Theorem 1
and Lemma I.

Next, we prove that largest and smallest (in terms of the value of H) equilibria exist.
If there is a finite number of equilibrium aggregators, then this is trivial. Next, assume
that there is an infinite number of equilibria. We have shown in the proof of Lemma J
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that Q(H) > 1 for H low enough and Q(H) < 1 for H high enough. Therefore, the set of
equilibrium aggregators is contained in a closed interval [H, H|, with H > 0. Put

" =sup{H € [H,H]: QH)=1}.

Let (H™)n>o be a sequence such that Q(H") = 1 for all n and H* — H . Since Q is

n—oo
continuous on [H, H], we can take limits and obtain that Q(H ) = 1. Therefore,

" =max{H € [H,H]: Q(H)=1}

is the highest equilibrium aggregator level. The existence of a lowest equilibrium aggregator
follows from the same line of argument. O

XIV.2 Proof of Proposition 4

Proof. Given the outside option H° > 0, H > 0 is an equilibrium aggregator level if and only
if Q(H, H") = 1, where

H° + D rer djes i (7 (mf(H)))‘

Q(H,H°) = -

Let H” > H° > 0, and note that Q(H, H") > Q(H, H°) for all H > 0. Let H and H (resp.
H' and H') be the highest and lowest equilibrium aggregator levels when the outside option
is HY (resp. H"). We know from the proof of Lemma J that Q(H, H°) > 1 for all H < H.
Therefore, for all H < H,

Q(H,H") > Q(H, H°) > 1.

It follows that, when the outside option is H?, there is no equilibrium aggregator level weakly
below H. Therefore, H < H'. The fact that H < H follows from the same line of argument.
This establishes point (iii) in the proposition.

Points (i), (ii) and (iv) follow from the fact that a firm’s profit is equal to its :-markup
minus one (Theorem 1), m/ is decreasing (Lemma I), and r; is increasing (Lemma E).

The result on entry follows from the same line of argument: After entry takes place, €2
shifts upward. O

XIV.3 On the Impact of Production Costs on Equilibrium Con-
sumer Surplus

The goal of this section is to construct a discrete/continuous choice model ((h;)jenr, H°) and
a firm partition F such that: (a) The pricing game ((h;)jen, H°, F, (¢;)jen) has a unique
equilibrium for every (c;);en; (b) There exists a marginal cost vector (¢;);en and a product
k such that, starting from (c¢;);en, a small increase in ¢, raises the equilibrium aggregator
level.
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Fix an arbitrary pricing game ((h;);en, H®, F, (¢j)jen). We start by deriving a necessary
and sufficient condition under which the aggregate fitting-in function shifts upward (locally)
after an increase in ¢; (j € f).?° In the following, we make explicit the dependence of the
function m/ on ¢; by writing m/(H, ¢;). We also write 7(u/, ¢t) for every k. Differentiating
equation (14) with respect to ¢; and pf, and using equation (14) to eliminate H, we obtain:

05 ey (it~ )23 ()

or;
om’ m! (m! —1)(= ) %0

It is straightforward to check that dr;/dc; > 0. Therefore, dm’ /dc; < 0.

Next, let H/(H,¢;) = > ks hi(ri(m?(H, c;), cx)) be firm f’s contribution to the aggre-
gator. Note that an infinitesimal increase in ¢; implies a local upward shift in the aggregate
fitting-in function if and only if 9H'/dc; > 0. Let £ = > ks (% +mf(mf —1) 8’"’“( %))
and, as in Section V.2.3, w/ = (uf — 1)/p/, and 6, = h, /v, for every k. Note that

or
o = m (see Lemma E). Then,

OH!  Or; Ui om/! ory,

dc;  Oc; 7 Oy = 8_th’

1(9’/’- 87’ ,

— 25 (—(—h;>§+mf<mf ~ 1)) a—};<—m) ,
J kef
_18rj VIRY oo f 8rk_, N T o 87“k_,
= g0 2o (71 (ow /o =D )+ 0! = D ).
o _7‘7 ar] m‘f —1 (m‘f — ].)ek
B ]Z ( ( 1—wf9k + 1—wf9k ’
kef

—j% . w! gk_ej
¢ 80]-;%( 9]+1—wf1—wf9k '

If f=1{1,2} and j = 1, then 9H’/dc; > 0 if and only if

Foog,—0
w 2 1 .
-6 —0 > 0 1
7 1+’Y2< 1+1—wf1—wf6’2) , (xlix)
where w/ = %, the functions 7, and 6, are evaluated at price p; = r1(m/(H,c1), c1),

and the functions 7y, and 0, are evaluated at price py = ro(m/ (H, c1), ca).

26To simplify the exposition, we assume that firm f sets finite prices for all its products. This condition
holds in the example we construct below.
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The next step is to find a product pair (hy,hy) € (H')?, a marginal cost pair (cy,cy),
and an aggregator level H* > 0 such that firm f satisfies condition (b) in Theorem II,
and condition (xlix) holds. Let product hy be a CES product with quality as and o = 2:
h(p2) = aa/pa. Let hi(p1) = 1/log(l + €P*). Routine calculations show that h; € H*,
fin = fiz = 2, lim,, o hy1(p1) = 0, and p; is strictly increasing. Therefore, firm f = {1,2}
satisfies condition (b) in Theorem II. Moreover, using the properties of CES products (6, = 2)
allows us to simplify condition (xlix) as follows:

f _
101 + 72 <—31 + 1 c_uwf 12_ Qilf> > 0, 1
Fix ¢; > 0 at some arbitrary value. We need to find H* > 0, as > 0 and ¢; > 0 such that
condition (xlix) holds.

Let u/ € (1,2) and w/ = (u/ — 1)/p/. Note that, as ¢; tends to zero, 71 (1uf, ¢;) converges
to a strictly positive real p; = (0, /), which is the unique solution of equation ¢;(p;) = ',
or, equivalently, x1(p1) = w/. At the limit, the term in parentheses in equation (1) can then
be rewritten as follows:

xi(p1)  2—0i(p1)
L—xi(p1) 1= 2x1(p1)

Y(p1) = —bi(p1) +

Studying the function ¢, we show that ¢ (p;) > 0 (and ¢;(p;) > 1) for p; high enough.
Fix such a py, and let g/ = ¢;(p;) and w/ = (u/ — 1)/p/. Then, by definition of p;,

wl 2 —01(r1(p’,0))

> 0.
1 —wf 1—2wf

—01 (1 (1, 0)) +

Therefore, by continuity,

w! 2= 01(r(p, 1))

>0
1—wf 1 —2w/f

—01(ri (1, 1)) +

for ¢; > 0 small enough. Fix such a ¢;.
Let us now inspect the expression in the left-hand side of condition (1) (recall that, since
good 2 is a CES product with o = 2, 75 = hy/2):

a2

—n(ri(p, )01 (r(pf, 1)) + !

o %2 w/ 2—91(7"1(Mf701)))
27y (ul, o) )

1 —wf 1 —2wf

(=ortral e +

Clearly, the above expression is strictly positive for high enough a,. Fix such an ay. Recall
that m/ (-, c;) is continuous, and decreases from i/ (= 2) to 1 as H increases from 0 to oo
(Lemma I). Therefore, there exists H* > 0 such that m/(H*,¢;) = p/. This concludes the
second step of our construction.
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The last step is to construct a second firm, firm ¢, such that the pricing game between
firms f and g gives rise to a unique equilibrium, and the equilibrium aggregator level is H*.
Before constructing firm g, we state and prove the following lemma:

Lemma XXVIL Let (c;)jen € RY,, and (h;)jen € (HYN such that ji; = i < oo,
lim,, o hj(pj) = 0, and p; is non-decreasing for every j € N. Suppose that a monopo-
list owns all the products in N, and that consumers have access to an outside option H® > 0.
Then, the monopolist’s profit-mazimization problem has a unique solution. The aggregator
level at the monopolist’s optimum, ]:](HO), is a strictly increasing function of H°. Moreover,
lim oo H(H®) = 0, and limyo_,o. H(H®) = co.

Proof. We know from Lemma H that the monopoly problem has a unique solution for every
H® > 0. Therefore, the function H (+) is well defined. The monopolist’s optimal (-markup,
denoted fi(H®) € (1,f), is the unique solution of equation (12). It is straightforward to
show, e.g., by applying the implicit function theorem to equation (12), that /i is continuous
and strictly decreasing. It follows that

H(H) = H+ ) hy(r;(a(H°)))
JEN

is strictly increasing in H°. The monopolist earns fi( H®) — 1 at its optimum. Let m(-) be
the monopolist’s fitting-in function. Then, by definition of m, m(H (H®)) = i(H°).

Clearly, limpo_,o H(H°) = co. By monotonicity, H = limyo_o H(H°) exists, and is
non-negative. Assume for a contradiction that H > 0. Then, for every H° > 0,

A(H®) = m(H(H")) < m(H) < .

For every p € (1, /1) and H® > 0, let 7(u, H°) be the monopolist’s profit when it sets the
t-markup g, and the value of the outside option is H°. Note that, for every H° > 0 and
pe (1, ),

w(u, HY) < () — 1 < m(H) — 1.

Therefore,

T = sup  w(p, HY) <m(H)—-1<ja—1.
HY>0, pe(1,p)

Moreover, using the definition of the -markup p and the function 7; (5 € N), we can
rewrite m(u, H) as follows:

> jen i(ri(p)
HO+ 37 e p hy(ri(m)

m(p, H®) =

Note that, for every u € (1, 1),

— s > jen Vi(ri(p) _ > ien (i) s > jen Vi(ri(p) _ A1
- NZJ»GN hi(ri(w) queij(rj(u))w(rj(u)) =" > ien Vi (1) ST
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where the second inequality comes from the fact that, for every j, p; is non-decreasing and
lime, p; = fi/(— 1) by Lemma A-(f). Taking the limit as ; tends to z1 allows us to conclude
that 7 > i — 1, which is a contradiction. O

Firm f satisfies all the assumptions in Lemma XXVIL Therefore, the function H (1) is a
bijection from (0,00) to (0,00), and there exists a unique H° > 0 such that H(H®) = H*.
By definition of H, this means that

H*=H+  hy(ri(m! (H*, 1), c1)).
kef

Next, we construct a firm g such that, when the aggregator level is H*, firm ¢’s contribution
to the aggregator is H°. To do so, we rely on the results derived in Section 5. Let g be an
arbitrary multiproduct firm selling only CES products (with a common o). Denote firm ¢’s
type by T9 > 0. We know that, when the aggregator level is H*, firm ¢’s contribution to the
aggregator is S(T9/H*)H*. Moreover, S(-) is continuous and strictly increasing, and it is
straightforward to show that lim, o S(z) = 0 and lim,_,~, S(x) = 1. Therefore, there exists
a unique T9 such that S(T9/H*)H* = H°.

We can conclude. We have constructed a multiproduct-firm pricing game with two firms,
f and g. By construction, firm f satisfies condition (b) in Theorem II. Since firm ¢ only
sells CES products with a common o, firm ¢ satisfies condition (a) in Theorem II. Therefore,
the pricing game between firms f and ¢ has a unique equilibrium for every marginal cost
vector for firm f and for every value of T9. When firm f’s marginal costs are equal to ¢;
and co, as defined above, and firm ¢’s type is T 9. the equilibrium aggregator level is H*. An
infinitesimal increase in the value of ¢; induces a local upward shift in the aggregate fitting-in
function. Since that function has a finite limit when H — oo and has a unique fixed point, it
follows that the equilibrium value of the aggregator increases. Therefore, consumer surplus
increases, and both firms’ profits decrease.

XIV.4 On the Impact of Production Costs on a Firm’s Equilibrium
Profit

The goal of this section is to construct a pricing game in which a firm’s equilibrium profit is
a non-monotonic function of that firm’s marginal cost. We do so numerically.

We work with two single-product firms: N = {1,2}, and F = {{1},{2}}. Products are
symmetric: hy(p) = ha(p) = h(p). We use the following function:

h(p) = exp (—%p ) :

Al

Note that

up) = % (6 +pi> ,
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and that

pi 1 1 pi
p) = L e (——p4) — P ) < hp),
6 + p1 2 6+ pa

so h € H'. Since h € H*, it follows that the pricing game ((h;);en,0,F, (c1,¢2)) has an
equilibrium for every (cq, ca).

Since the function )
h(p) 6+ p1t

7(p) B pi
is strictly decreasing, none of the uniqueness conditions derived in Section V applies. We
will therefore need to establish equilibrium uniqueness manually.

p(p) =

In the following, we focus on the special case in which ¢; = 0.01 and ¢; € [5,50]. We first
show numerically that the pricing equilibrium is unique for every ¢; € {5,10,15,...,45,50}.
Note that, for every ¢, H™(c1), the monopolistic competition aggregator level (given ¢
and c¢g) is an upper bound for the set of equilibrium aggregator levels. Moreover, H™¢(¢y) is
strictly decreasing in ¢1. It follows that H™¢(5) is an upper bound for the set of equilibrium
aggregator levels for any ¢; > 5. Numerically, we find that H™¢(¢;) ~ 0.62. We can therefore
narrow down our search for equilibrium aggregator levels to the interval (0,0.62).

0.7

h1+h2

0 o1 02 0.3 04 05 0.6 07
H

Figure 2: Aggregate Fitting-in Functions for ¢; € {5,10,15,...,45,50}

Figure 2 plots aggregate fitting-in functions for ¢; € {5,10,15,...,45,50}. The graph has
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been constructed with a step size of 0.001. The blue line is the 45-degree line. The curves
represents aggregate fitting-in functions for different values of ¢;. We can see that each
curve intersects the 45-degree line only once on (0,0.62), which shows that the equilibrium is
unique. (Since lim,_,, h(p) = 0, the aggregate fitting-in functions also intersect the 45-degree
line at H = 0. Of course, H = 0 cannot be an equilibrium aggregator level.)

Next, we show that firm 1’s equilibrium profit is non-monotonic in ¢;. For every ¢; €
{5,6,7,...,49,50}, we compute the equilibrium aggregator level and firm 1’s equilibrium
profit. Figure 3 depicts the relationship between firm 1’s profit and ¢;. That relationship
is clearly non-monotonic. (Of course, we have not shown that the equilibrium is unique for
every ¢; € {5,6,...,49,50}\{5,10,...,45,50}, but Figure 3 clearly shows that firm 1’s profit
is also non-monotonic on {5, 10, ...,45,50}.)
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Figure 3: Equilibrium Profit of Firm 1
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XV Table of Symbols and Notations

Market-level notations

H
HO
I'(H)
Q(H)
N

f

Firm-level notations

m/ (H)
ﬁf
wf
Tf

Aggregator, sufficient statistic for consumer surplus
Outside option

Aggregate fitting-in function

['(H)/H, aggregate share function

Set of products

Set of firms

Firm f’s (-markup
Firm f’s fitting-in function
maXye ¢ i, the highest (-markup that firm f can sustain

(' = 1)/
Firm f’s type (CES / MNL demands)

Product-level notations

H

2

hy,
/I
hae/ (H + 37 e pr )
Lk

L

Yk

Pk

O

Xk

Vi (Pk)
re(p’)

mc

Py

The set of C3, strictly decreasing and log-convex functions

The set of functions in ‘H that satisfy Assumption 1
Exponential of indirect subutility derived from product k
Conditional demand for product k

Choice probability for product k

pihy(pe)/(—hi(pr)), elasticity of monopolistic competition demand
limy, 00 Lk (pk), the highest (-markup that product k can sustain
W2/

hu. /.

e/ Y

(e — 1)/ (k)

tk(pr) (Pk — ¢x)/ Dk, t-markup on product k

v, '(p'), pricing function

rr(1), product k’s price under monopolistic competition

inf{pr > 0: w(px) > 1}
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